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Abstract 

We investigate variations of Briesltorn lattices over non-compact parameter spaces, and discuss the cor- 
responding limit objects on the boundary divisor. We study the associated variation of twistors and the 
corresponding limit mixed twistor structures. We construct a compact classifying space for regular singular 
Brieskorn lattices and prove that its pure polarized part carries a natural hermitian structure and that the 
induced distance makes it into a complete metric space. 
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1 Introduction 

This paper deals with a basic object attached to an isolated hypersurface singularity: the Brieskorn lattice. It 



was introduced in | Bri7C | in order to understand the monodromy of the cohomology bundle of the Milnor fibra- 



tion of such a singularity, but it turned out that it contains much more information, it is a highly transcendental 
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invariant of the singularity. Since [ 3ai91 |, | 3ai8£ | and | Her99 it is evident that the Brieskorn lattiee is a very 
well suited object to study the Torelli problem for hypersurface singularities. 

In various applications, one is interested not only in local singularities but also in regular functions on affine 
manifolds with isolated critical points. In this case, one can also define a Brieskorn lattice, which contains more 
information than the sum of the local Brieskorn lattices at the critical points, in particular, its structure depends 
very much on the behavior of the function at infinity. In |3ab06|, a precise condition, called cohomological 
tameness for these functions is given which ensures that this algebraic Brieskorn lattice is a free module over 
the ring of polynomial functions on the base. However, as the dimension of the cohomology of the Milnor fibre 
of such a function need not to be equal to the sum of the Milnor numbers of the critical points, it might happen 
that the Brieskorn lattice has the "wrong" rank. In order to overcome this, and for various other reasons, it 
is convenient to work with a twisted version of the Brieskorn lattice, called Fourier-Laplace transformation. 
This transformation can also be done in the local case, i.e. for the Brieskorn lattice of an isolated hypersurface 
singularity. Alternatively, there is a direct description of this twisted object using Lefschctz thimbles and 
oscillating integrals. This description makes the definition of a polarizing form, given by the intersection form 
of Lefschetz thimbles in opposite fibres, very transparent. It goes back to the work of Ph am ([Pha83 , Pha85 ), 
a short version of it, which is also valid for families of Brieskorn lattices can be found in jHcrOS, section 8]. 
The interest in studying the global situation of tame functions on affine manifolds comes from the mirror 
symmetry phenomenon, which relates in an intricate way data defined by such a polynomial function (called 
B-model in physics) to data from symplectic geometry (called A- model), namely, the quantum cohomology 
of some particular symplectic manifolds. This correspondence can be stated as an isomorphism of Frobenius 
manifolds defined by the two geometric inputs. On the B-side, the key tool to the construction of these Frobenius 
structures is exactly the Fourier-Laplace transformation of the Brieskorn lattice of the tame functions. 
In both cases (local or global), the outcome of this construction (or of the direct approach via Lefschetz thimbles 
and oscillating integrals) is an object which consists of a holomorphic vector bundle on C, a flat connection 
on it having a pole of order at most two at zero and a pairing between opposite fibres of that bundle with a 
prescribed pole order at zero. The same kind of object exists for the A-model, called Dubrovin- or Givental 
connection, where the flatness of the connection expresses all the properties of the quantum multiplication, in 
particular, its associativity, which is equivalent to the WDVV-equation of the Gromov-Witten potential. 
The B-model comes canonically equipped with some extra ingredient, namely, a real or even integer structure of 
the flat bundle on C*. It is the bimdle generated by Lefschetz thimble over E, resp. Z. The flat structure and the 
real structure make it possible to construct a canonical extension of the bundle to such that connection and 
the pairing extend appropriately. The result of this construction is what was called an integrable twistor structure 
in [3ab05, chapter 7], and by generalizing it to the case of families of Brieskorn lattices, Simpson's theory of 
harmonic bundles and variations of twistor structures comes into play (see, e.g., |Sim90, Sim92, Sim97|). Notice 
however that the harmonic bundles defined by this construction starting from a (Fourier-Laplace transform of a) 
Brieskorn lattice carry additional structure, which were called tt*-geometry by Cecotti and Vafa (| CV91 , CV92]). 
It is by no means evident to identify the real structure on the A-side, but in the recent papers [[ri07|, [Iri09a| 
and |[ri09b|, Iritani has made an important progress. He shows that one might abstractly define real or integer 
structures of the A-model connection which have a good behavior under rather mild conditions and he gives a 
concrete description of the real/integer structure obtained by mirror symmetry for toric orbifolds in terms of 
K-groups. As a consequence, one has, at least in favorite cases of examples, the same structure on both sides, 
which is an analytic or formal object inducing a rich geometry on the parameter spaces, which mixes in a subtle 
way holomorphic and anti-holomorphic data. Hence it seems to be a good idea to formalize the setup, and 
study these structures abstractly. This direction has been initiated in [HerOS | , and pursued in |HS07], [HSOS]. 
The geometric object sketched above was called TERP-structure in these papers. This abbreviation stands 
for "twistor, extension, real structure and pairing" . The main philosophy which we continue to exploit in this 
article is that TERP-structures are an interesting generalization of Hodge structures, and that one should try to 
generalize the known results from Hodge theory to (variations of) TERP-structures. In particular, the notion of 
pure resp. pure polarized TERP-structures are defined in a natural way generalizing the corresponding notions 
for Hodge structures. 

Very recently, objects quite similar to TERP-structures have been introduced and studied in |KKP08|, under 
the name "non-commutative Hodge structures". According to the main conjecture of loc.cit., they arise as the 
cyclic homology of certain categories, thought of as a "non-commutative spaces" . Via this construction, these 
structures also appear in the homological mirror symmetry program. 
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There is an important difference between the two above mentioned classes of examples: Whereas the pole at the 
origin of the co nnection has order at most two in all cases by definition, it defines a regular singularity in the 
sense of | Dcl70 in the local case (i.e., in the case where the origin is the only critical point of the function). We 
call the corresponding TERP-structures regular singular. However, starting with a tame polynomial function, 
the corresponding TERP-structure will in general have a pole defining an irregular singularity at the origin. 
The analysis of TERP-structures of this type, call irregular, is more involved. One reason is that the connection 
defines, besides the monodromy, the far more subtle Stokes structures, which have to be taken into account. 
On the other hand, due to a recent, fundamental result of Sabbah (| SabOg |) we know that the TERP-structure 
of a tame polynomial is always pure polarized, contrary to the local (i.e. regular singular) case. 

This paper can be roughly divided into two parts. Whereas the first one (sections to |^) applies to arbitrary 
(variations of) TERP-structures, the second one (sections |^ to ||) concerns mainly the regular singular case. 
Our main motivation for the whole article is to develop a theory of period maps for variations of regular singular 
TERP-structures (e.g., for /i-constant deformations of isolated hypersurface singularities) in a way similar to 
the usual study of variations of Hodge structures, as in [GS69|, | Sch73 1 . A particularly powerful tool in this 
theory is the use of hyperbolic complex analysis for horizontal maps to period domains. In order to imitate 
this approach for variations of regular singular TERP-structures, one needs appropriate targets for these period 
maps, i.e., classifying spaces of such regular singular TERP-structures. These spaces have been defined and 
studied for Brieskorn lattices in [3ai91| and |Her99 . However, there is no discussion of the corresponding tt*- 



geometry on the classifying spaces in these papers, simply because there was no clean mathematical framework 
for doing this at that time. The general theory of TERP-structures and the relation to twistor structures 
and harmonic bundles is worked out in |Her03| and |HS07|. Moreover, we showed in [HS08 how to use the 
twistor construction to obtain a hermitian metric on the pure polarized part of the classifying space. We also 
calculated the holomorphic sectional curvature on horizontal tangent directions, and proved its negativity. As in 
the case of Hodge structures, this is one of the key results to apply hyperbolic complex analysis for period maps 
defined by variations of TERP-structures. However, a crucial point was left open in that paper: this metric we 
constructed on the classifying space is not complete in general. The reason behind this fact is the following: We 
fixed the spectral pairs in order to relate this classifying space to the classifying spaces of Hodge structures via 
a construction modeled after Steenbrink's mixed Hodge structure on the cohomology of the Milnor fibre of an 
isolated hypersurface singularity. But it might very well happen that a special member of a variation of regular 
singular TERP-structures has different spectral pairs than the general member of this family. These "missing 
limit points" of the classifying space prevent the metric from being complete. In order to solve this problem, 
one is forced to look for a suitable compactification of the classifying space, such that the hermitian metric on 
its pure polarized part extends and yields a complete distance. In particular, the spectral pairs must not be 
fixed for this larger space. This is the basic idea behind the construction of the compact classifying space in this 
paper: We fix an interval for the range of the spectrum, but not the spectral numbers themselves. Then we can 
expect to capture the phenomenon of jumping spectrum. The price we have to pay for this is that the space 
we obtain can be very singular. However, we will show that the expected results hold: One can still define the 
pure polarized part of this space, and the distance induced by the hermitian metric coming from the twistor 
construction will be shown to be complete. 

Let us give a short overview on this paper. Following the general line of arguments in Hodge theory (see, e.g., 
[3ch73|), we discuss in the first five sections of this paper the behavior of arbitrary (i.e., possibly irregular) 
families of TERP-structures lattices at boundary points of the parameter spaces. In section ^, we briefly 
recall the necessary dcflnitions from [ Her03| and | |HS07 | and we give some more rather elementary properties 
of variations of TERP-structures. In section |3[ we state the main results of this first part. More precisely, 
given a variation of TERP-structures on a complex manifold Y which is the complement of a normal crossing 
divisor in a smooth ambient manifold X, we give a precise condition (which we call tame) for the family to 
have a limit object on the divisor. If we start with a pure polarized variation, this condition corresponds to the 
tameness of the associated harmonic bundle, as studied in |Sim90| and |Moc07 |. In particular, pure polarized 
regular singular TERP-structures are always tame. The first result is that the limit object is a family of TERP- 
structures on the divisor. This allows us to consider the associated twistor structure, and it turns out that this 
is exactly Mochizuki's limit polarized mixed twistor structure. The proof of these two results is given in section 
H, and relies on a general result concerning parabolic bundles. This result has been proved in a slightly different 
context by Borne (| Bor07 | and | BorOE |), however, in order to make the paper self-contained, we give in section 
^ an adapted version of Borne's proof, which is also technically easier. 



3 



Section ^ is an application of the results on extension of TERP-structures: We prove a generalized version of 
a conjecture of Sabbah concerning a rigidity property of integrable variations of twistor structures on quasi- 
projective varieties with tame behavior at the boundary. Although this seems to indicate that TERP-structures 
are not more interesting than Hodge structures in this case, it is relevant as it helps to understand the geometry 
in some examples, e.g. those coming from quantum cohomology where a natural boundary divisor is given by 
the so-called semi-classical limit. In particular, this result shows that a variation on a quasi-projective manifold 
which is not of Hodge type has necessarily boundary points which are not tame. 

In the second part of the paper, namely in sections ^ to |^ we construct the above mentioned compact classifying 
spaces for regular singular TERP-structures and we state and prove some of its crucial properties. Section 7 
gives the definition and the proofs of some basic properties and discusses the relation between the classifying 



spaces from [ HS08 | to the new one. Section 8 is devoted to the construction of the hermitian metric on the 
pure polarized part of the classifying space. We prove that the corresponding distance is complete and study 
the action of a discrete group under a natural condition satisfied in all geometric applications. We finish the 
paper by discussing in section ^ in some detail the geometry of interesting examples of these compact classifying 
spaces and we give applications to period maps defined by variations of TERP-structures in subsection |9.5|. 



They use both the limit objects discussed in the first part and the hyperbolicity results from |HS07| as well as 



the metric completeness of the pure polarized part of the compact classifying space proved before. 
Terminology and Notations: 

We will adopt the following convention for orderings and intervals: We consider the natural ordering on C given 
by c < d if either ^{c) < di{d) or 5R(c) = ^{d) and 9(c) < 3(d). Similarly, c < d if c < c? (in the previous sense) 
or if c = d. For any two complex numbers c,d G C, we define (c, d)c :~ {z G C \ c < z < d} and similarly for 
closed or half-open intervals. For any complex number c € C, we write [cj for the largest integer k such that 
k < c (i.e., such that k < 5ft(c)). For any two multi-indices b, c G we write b < c if 6^ < for any i G I, and 
b < c if b < c and if there is i G I with hi < Ci. 

For any complex space X, we denote by VBx the category of Ox-locally free sheaves. If X is a complex 
manifold, we write VB'^ for the category of flat bundles (or local systems) on X. Occasionally, we work with 
the sheaf C^" of real analytic functions on a complex space X and the category of coherent C^"-modules. If E is 
locally free over C^", then we write E G VB'^ . We denote by OpiC'^{k, I) the sheaf of real analytic functions 
on C* X X which are holomorphic in the P^-direction (i.e., annihilated by d^, where z is the coordinate on C) 
and which have at most poles of order k resp. I along {0} x X resp. {c»} x X. 

For a complex manifold X, we denote by X its conjugate, which is the same C°°-manifold, and where we put 
Oj^ := Ox- In particular, given a holomorphic bundle E on X, the bundle E with the conjugate complex 
structure in the fibres is holomorphic over X. 

For the reader's convenience, we collect here the definition of some maps that will be used at several places in 
the paper. 

T: C* Pi\{0} ; ?:C*-^pi; j : F\ j{z) ^ ~z; 

7 : pi ^ pi , j{z)^~ ; cr:Pi-^pi, a{z)^-~. 



2 Definition and basic properties of TERP-structures 



We start by recalling the definition of variations of TERP-structures, their associated topological data, the con- 
struction of twistors from them, and the special case of regular singular TERP-structures. The main references 
are |Her03| and |HS07]. A small generalization is the notion of families of TERP-structures on an arbitrary 
complex space (possibly non- reduced), this will be needed in the discussion of classifying spaces in secti on [z . 



Moreover, we give a translation of the notion of a polarized mixed twistor structure to our frame in lemma 2.1C 



Definition 2.1. 

following data. 



Let X be a complex space. A family of TERP-structures of weight w G 1j on X consists of the 



4 



1. A holomorphic vector bundle H on C x X, i.e., the linear space associated to a locally free sheaf TL of 
Ox -modules. 



2. A flat structure on the restriction H' := -ff|c*xx C* x X, i.e., the transition functions between two 
local trivializations of the map H' G* x X are constant. Moreover, we require that for any t G X , the 
flat connection on H'^i^,^^^-^ extends to a meromorphic connection on i^|cx{t} with a pole of order at most 
2. The local system associated to H' will be denoted by {H')^ . 

3. A flat real subsystem C H' of maximal rank. 

4. A non-degenerate, {—ly" -symmetric pairing P : Ti® j*'H z'^'OcxX which is fiat on H' and which takes 
values in i'^M, on H^. Here non-degenerateness along {0} x X means that the induced symmetric pairing 
[z~™P] : H/zTC (E) TC/zH Ox is non-degenerate. 

If X is smooth and if the fiat connection on H' extends to a meromorphic connection 

v-.n^-H® z-^nl^xi^ogm X X)), 

of type 1 then (H, H^,V , P,w) is called a variation of TERP-structures. A single TERP-structure is a family 
on X = {pt}. 

We give two simpl e ex amples of variations of TERP-structures, which will be used later (see examples |2.9|, 



3.3 and subsection 9^). Some of the interesting phenomena that may occur for general variations are already 
visible here. Many more examples will be given in section |^. 

Examples 2.2. 1. Consider a trivial bundle H' of rank ^ on C* x X = C* x with two generating 
flat sections Ai and A2. The fiat real structure is defined such that Ai = A2, the pairing is defined by 
P{Ai{z, r), Aj (— z, r)) = e-Si-^-j^^ for {z,r) G C* x P-"^ , with e = ±1 fixed (so in fact this gives two examples, 
one for £ = 1, one for e ~ — Ij- The extension i7 to C x P^ is defined by 

'H = Ocxc- {z^^Ai+rA2)®OcxC- ZA2 on C x C, and by 

n = Ocx(pi\{0}) • (^"V-Mi +A2)®Ocx(pi\{0}) -^1 on C X (Pi\{0}). 

Here we write ZA2 for the section (z i-* ZA2). This gives a variation of TERP-structures of weight on 
Pi. 

2. The bundle H' , the fiat sections Ai and A2, the bundle H and the pairing P are as in (a). Here e = 1 is 
chosen. But the real structure is changed to Ai = Ai. Again this gives a variation of TERP-structures of 
weight on P^. 

The next definition introduces several basic linear algebra objects defined by a TERP-structure. A more detailed 



discussion is contained in |Her03| and |HS07| 



Definition 2.3. (Topological data of a family of TERP-structures) Let [H, H^, V, P, w) be a family of TERP- 
structures on a complex space X . We denote by H°° the vector space of multivalued flat sections of the local 
system [H')^ , and by H^ the subspace of real flat multivalued sections. Let 7ri(C* x X) — > Aut(i7j^) be 
the monodromy representation associated to {H^)^ , and denote its image by T. We write G P for the 
automorphism corresponding to a (counter-clockwise) loop around the divisor {0} x X. We decompose Mz as 
Mz = {Mz)s'{J^Iz)u ^i^to semi-simple and unipotent part. Let H°° := ®H^ be the decomposition into eigenspaces 
with respect to {Mz)s, put H^^^^ := (S^,gx=oH^, H^^^^ := ©argA^^o^^r. <^rid let log((A/4)„) be the 

nilpotent part of AT 

Finally, we denote by S the non- degenerate and monodromy invariant form on H°° which is defined in \HSO 



formula (5.1)]. It is (— 1)'^' -symmetric on H^^^q and (—1)"' ^-symmetric on H^^_^q. We also point the reader 
to the formulas J^SOl, (5.4) and (5.5)] which connect S and P and which will be used in the examples in section 



|. We call the tuple {H°°,H^,T, M^, S, w) the topological data of the family {H, V, P, w). 

As we already pointed out in the introduction, TERP-structures are closely related to twistor structures, i.e. 
holomorphic bundles over P^. This is shown in the following definition. 
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Definition 2.4 (Extension to infinity). Consider a family of TERP-structures {H, H^, V, P, w) over a complex 
space X. Lei 7 : Pi X X ^ Pi X X; (z,t) ^ 

1. Define for any [z, i) G C* x X the following two anti-linear involutions. 

Treal ■ H,j > H^(z),t 

s I — > V-parallel transport of s, 



s I — > V-parallcl transport of z "".s. 

Treal is flat. The induced maps on sections by putting s i-^ [z i-^ ts(z^^)) resp. s i-^ (z i-^ Treais{'z^^)) 
will be denoted by the same letter. They can either be seen as morphisms r, Treal ■ 'H' 7*7i' which fix the 
base, or as morphisms r, Treal '■ Ti.' ^ Ti.' which map sections inU G G* x X to sections in j{U) C G* x X . 
Note that for each fixed t € X , due to the two-fold conjugation (in the base and in the fibres), t and Treal 
are morphisms of holomorphic bundles over C*, but that with respect to X they are only real analytic 
morphisms. Denote by H the bundle obtained by patching Ti and "f*Ti. via the identification t. It is a real 
analytic bundle whose restriction to P^ x {t} has a holomorphic structure for each t G X . 



2. Define a sesquilinear pairing S : H' a*H' Oc'C^" by 

S : H,^t X i?^(2),t C for (z,t) e C* x X, 

{a{z,t),b{a{z),t)) ^ z-^P{a,T{b))^{-irP{a,Treai{b)). 

It is non-degenerate, flat and holomorphic with respect to z. 

Lemma 2.5. Consider a single TERP-structure (H, H^,V , P,w). Let jj. be the rank of H. 

1. The bundle H has degree zero. The flat connection has a pole of order at most 2 at oo. The pairing P 
extends to a non- degenerate pairing P : TL® j*^. z^Cpi. By definition of H , T(Ti.(U)) = TL{'^{U)) for 
any subset [/ C P^. 



2. The pairing S extends to a non- degenerate hermitian pairing S : 7iiSi(J*'H — > Opi . It satisfies S{za, a{z)b) = 
-S(a,b) for a e H,,b e H„(,), z e €* . 

3. The morphism r acts on the space iJ*'(P^,7Y) as an antilinear involution. The pairing z~^P has constant 
values on this space and is symmetric, the pairing h := S has also constant values on it and is hermitian. 

4. Choose sections vi, . . . ,Vf^ of TL\c such that Ti. ~ ffiiLiC'pi(0, fci) • Vi and such that ki < . . . < k^^. Then 
ki ~ — If ki + kj > 0, then z^^ P{vi,Vj) ~ and S{vi,Vj) ~ 0. The radicals of z^"^ P and of h in 
H"(P\n) are both equal to H'^\F^,®,.,k^>oOpi{0,h) ■ v^). 

5. If H'^{V^ ,Ti.) contains fi global sections vi,...,v^ such that (h(vi,Vj)) £ GL(/i,C), then the bundle H is 
trivial. Conversely, if the bundle is trivial, then h is non-degenerate. 



Proof 1. PS07| , Lemma 3.3], 

2. Tliat S extends to a non-degenerate pairing on H, follows from 1. and from the definition of S. That it 
is hermitian, follows from the calculation |HS07[ (3.4)]. And 



S{za, cr{z)b) = z ■ a{z) ■ S{a, b) ~ —S{a, b). 

3. The statement on r follows from 1. and from = id. The pairings z~'^P and S both take values in Opi 
and thus take constant values on global sections. S is hermitian by 2., z~^P is symmetric because P is 
(-l)"'-symmetric onU® j*n. 
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4. Consider the dual bundle 7Y* := Tionio^i (Ti, Opi). It is isomorphic to j*H via the non-degenerate pairing 
z^^P. On the other hand, j*H is non-canonically isomorphic to H, thus to the direct sum ©f^j^Opi (fci). 
Obviously, H* is isomorphic to ®f^iOpi (— fcj), so that ki = — fc^+i-i. 

Suppose that ki + kj > 0. The function z z^'"'P(vi, Vj) is holomorphic on P^. From 

we conclude that it vanishes at infinity and hence globally on P^. Using this, the non-degenerateness of 
P and the symmetry ki = — fc,,+i-i just shown we obtain the following: For any A: e Z, the z^'"' P- 
orthogonal complement of ©i:/ci>fcCpi (0, fc^) • Vi is 0j:fcj>_/jC'pi (0, fc^) • Vj. In particular, the radical of 
z-'^'P in i7°(P\7Y) is ff°(P\ ®j:fc^>oOpi (0, fe;) • Vi). The statements on S and h follow from those on 
z^'^P and the following fact: For any k £ li, the subbundle ®i:fc,>feC'pi (0, fci) • is independent of the 
choice of the sections Vi, and hence mapped to itself by the morphism r. 

5. If H is not trivial then by 4. we have that codimRad(ft.) < ^, so /i global sections with {h{vi,Vj)) G 
GL(/i, C) cannot exist. If H is trivial then h is non-degenerate because is non-degenerate. 

□ 

Definition 2.6. A TERP- structure is called pure iff the bundle H is trivial. A pure TERP-structure is called 
polarized iff the hermitian form h is positive definite. 



Notice that lemma 2.5, 5., gives an efficient criterion to detect whether a given TERP-structure is pure. 
For the discussion of regular singular TERP-structures we will need elementary sections and the V^-filtration 
(also called Malgrange-Kashiwara filtration or Deligne extensions). Let {H, H^, V, P, ui) be a family of TERP- 
structures on a complex space X. For U C X open and simply connected, denote by H°°(U) the space of global 
multivalued flat sections on H'^.^jj. Then for any A G iJ°°(C/)e-2,rio , the section 

es(A,a) :=z°'-^A 

is holomorphic on C* x [/ and is called an elementary section of order a e C. It satisfies 

(zV:,--a)es(A,a) = es( A, a), (2.1) 

zni 

r(es(A, a)) = es(A,w-a). (2.2) 

The extension of H' to {0} x X which is generated by such sections of order at least a is called V". Similarly 
we have V^", which is generated by elementary sections of order bigger than a, and V^~°°, which is generated 
by elementary sections of arbitrary order. V" and V^" are locally free Ocxx-modules, V^~°° is a locally free 
Ccxx(*{0} X X)-module. 

Definition-Lemma 2.7. 1. A single TERP-structure is called regular singular ifHc V^^°°. 

2. Let [H, H^, V, P, w) be a single regular singular TERP-structure. The V -filtration on Ti. induces a filtration 
in H°° : We put for any a G (0, l]c 



A twisted version of this filtration, which was considered in [HerOo, HSOl, HS08] is defined as F* := 
G~^F* . Here G G Aut(iJ°°) is a certain automorphism of H°° , defined by i HS07, section 5]. Its definition 
is motivated by the Fourier- Laplace transformation, and it is useful while comparing S on H°° (see \2.^ ) 
and P on Ti' . G induces the identity on Gr^(iJ°°) where W, is the weight filtration of N^, centered 
around 0. 

A regular singular TERP-structure (iJ, iJ^, V, P, w) of weight w is called mixed if the tuple 
{HZ?^^oAH!^s^o)r~N,S,F') resp. (iJ-^^o, (iJ- ^o)k, -iV, 5, P') 
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is a polarized mixed Hodge structure of weight w — 1 resp. of weight w. We refer to , Her 05 / or [HSOlj for 
the notion of a polarized mixed Hodge structure (PMHS for short) used here. It is (Mz)s -invariant, and 
the eigenvalue s of {M z)s are automatically elements in , so that H^^^^ = H^ and H^^_^q ~ H°^^ in 
this case (see [HSOl, lemma 5.9]). 

The spectrum Sp{H, V) of the regular singular TERP-structure is defined by Sp{H, V) = X^qsQ d{a) ■ a G 
Z[C] where 



It is a tuple of ^ complex numbers ai < • • • < with the symmetry property ai + Q^+i„j = w (see, e.g., 
[HSOl, lemma 6.3]). By definition, d{a) ^ only i/e^^'^*" is an eigenvalue of AI^. In most applications 
the eigenvalues of are roots of unity so that the spectrum actually lies in 

5. The spectral pairs Spp(i7, V) of a regular singular TERP-structure are a finer invariant than the spectrum 
itself. They are defined as follows. 

Spp = d{a, I) ■ (a, G Z[C x Z], 

d{a,l) = dimGrL,^"""J Grl^(^_i)i/,°?2™. 

The second entries are symmetric around w — 1 . The shift ofW by w ^ \ is adapted to a PMHS as in 3. 
on H^^_^Q = H°^-y, but not to a PMHS on H'^^^q, which would reguire a shift by w. Notice also that this 
definition is shifted by +1 in the first entry compared to the original definition in ^Stell] for Brieskorn 
lattices of hypersurface singularities. Up to this shift, the current definition is also compatible with , Her 9!^ 
chapter 4] if w ~ 1 ~ n. 

This construction of a filtration F* was first considered by Varchenko for a Brieskorn lattice of an isolated 
hypersurface singularity (which becomes part of a TERP-structure only after a Fourier-Laplace transformation) . 
We will continue the discussion of families of regular singular TERP-structures in section 0. In the sequel, we 
state and prove a rather elementary lemma and return afterwards to the examples considered above. 

Lemma 2.8. Let {H, H^,V , P,w) be a family of regular singular TERP-structures on a complex space with 
finitely many components. Then there exists (3 with D Ti. D \?>'^^'^~0 , 

Proof. Consider an open and simply connected set x [/ C C x X such that Hia^xu is free with generating 
sections ai,...,a^. Choose a basis {Ak) of H°° , where Ak & H^2^ii3f^ and Pk & (0,1] -I- ill. Then these 
generating sections can be written in the following way 

es{Ak,f3k) ^' Oes(^fc, /3fe + 0, 

fc=i /ez 

where K{j,k,l) G OxiU). If there were an infinite sequence {ji,ki,li) with — oo and K{ji,ki,li) ^ 0, 

then outside of a union of countable many hypersurfaces in I] all these coefficients would be non-vanishing, 
and the TERP-structures on this subset of U would not be regular singular. Therefore there exists (iu with 
'^|Cxc/ ^|cx[/' This inclusion extends to all components of X which meet U . As X has only finitely many 
components, one can choose such a set U for each of them. Then Ji <ZV^ for a suitable (5. 
The other inclusion Ji D y>™-^-^ uses properties of the pairing P . We write P = X^fcez '^^ ' ^'^^^ with pairings 
p(fc) . y>-oo^^*y>-oo ^ The inclusiou H D \i>^'-^-P follows immediately from P(^-1)(V'',V>"'"1"") = 
and V'^ D 7i and the next claim. 

Claim: W = {ct G V>-°° | p('"-i)(W, cr) = 0}. 

The inclusion C is part of the definition of a family of TERP-structures. For the proof of D we consider a germ 
{X,x) of a complex space. Let v\,...,Vy^ be an C'cxx,(o,a;)-basis of H and let v\,...,v*^ be the basis of H with 
P'™^(wi,w*) = Then v\,...,Vy, is an C'cxx,(o,a:)[^~^]-basis of V^~°°, so any o G V^~°° can be written as 
a ~ X]j=i Efcez ■ ■ "^3 with unique coefficients G Ox.x- Now 

This shows the claim. □ 
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Wc return to the examples in |2.2| and describe the corresponding twistors and the associated hermitian metrics 
in case that they arc pure. 



Examples 2.9. The TERP- structures from \2.!^ are regular singular. In both examples the spectral numbers are 
(ai, Q!2) = (^li 1) for r G C and (ai, = (0, 0) for r = oo. We put vi := z^^Ai + rA2 (for r ^ oo). 



1. In example 1., equation (2.2) yields 

t{vi) ^ zA2 + rAi (forrT^oo), r(zA2) = z^^Ai, t(Ai) A2, 
i?°(P\7Y(r)) = C-wi©C-T(wi) for r 7^ 00, 
i?°(P\7i(r)) = C • r-^vi ® C • T{r-^vi) for r 7^ 0. 

The metric h with respect to these two bases is given by the matrices e-(|rp — !)• '^'^ resp. e-(l— |r|~^)- 

1) r ^ 00 resp. r 7^ 0. Therefore the TERP-structures are pure for |r| 7^ 1 and either polarized 
for r e A or for r G P"^\A, depending on the choice of e = ±1. Eor \r\ = 1, 7i(r) = Opi(— 1) © C'pi(l). 

2. In example 2. we have 

t(ui) = zAi + rA2( for r 7^ 00), t{zA2) = z-^ A2, r(Ai) = Ai, 
'''('^2) = V2 with V2 = r^^z^^Ai + A2 +r^^zAi for r 7^ 0, 
H'^(P\'H{r)) = C- Ai®C-V2 for r 7^ 0, 
H^{F\n{0)) = C • z-^Ai ® C • Ai © C • zAi. 

For r = 0, 7Y(r) = C'pi(— 2) © 0^1(2). For r 7^ 0, f/ie TERP -structure is pure, and the matrix of the 

The following lemma translates the notion of a polarized mixed twistor structure into our setting of TERP- 
structures. 

Lemma 2.10. Let {H, H^,V , P,w) be a variation of TERP-structures on a manifold M. Additionally, let 
N : iJg be a nilpotent flat infinitesimal isometry of P, i.e. P{Na, b) + P{a, Nb) ~ 0. 



^0 1 

metric h with respect to the basis {Ai,V2) is I \ , so the signature is (1, 1). 



1. (Topological part) Let be the weight filtration (centered at 0) of N on H' . Any is a fiat subbundle 
with real structure. Moreover, the quotients Gr^ are also flat bundles with real structure. The pairing P 
has the following properties: 

P ■.W_i®j*W[_^^Q, 

P : Gr^ Gr^ Ocxm is non-degenerate. 

For Z > 0, the pairing 

Pi P{{iN)K, .) : Gr^' ®j* Gvf -> O^xm 

is well defined, non-degenerate, -symmetric, flat, and it takes values in i™"'!!, on (Gr^ Let 

(Gr|^ )prim = ker A^'+^ be the subbundle of primitive subspaces. The decomposition 

j>Q 



is flat. For I > it is Pi -orthogonal. 

2. (Induced TERP-structures) Suppose that the map zN : H' ~* H' extends to a bundle endomorphism of H 
which has the same Jordan normal form at each point of G x M (notice that as N is flat on C* x AI , this 
is a condition only at the points of {0} x M). Let be the weight filtration (centered at 0) of zN on H. 
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Then Wi is a suhbundle of H which extends Wl to {0} x M, and GrJ^ is a quotient bundle which extends 
GrJ^ . The flat connections on them have poles of type 1 along {0} x M . 
The decomposition in 1. extends to a decomposition 

For I > 0, the summands on the right hand side, equipped with the pairing Pi, are variations of TERP- 
structures of weight w ~ I. 

3. Fori > and < j < I the map (zNy extends to an isomorphism from (GrJ^)prim to ((ziV)^ (GrJ^)prim J~~- 

Now fix te M. If I- 2j > 0, then both (Grj^)p„„(0 and {{zNy {Grf)p„m)rit) are TERP-structures. 
Using this isomorphism, the two hermitian metrics on the spaces of the global holomorphic sections are 
equal up to the factor (—1)-'. 

It follows that for any t e M all Gri (t) for I e Z are pure TERP-structures if and only if all (Gr|^)prim(0 
for I > are pure TERP-structures. 

4-. (PMTS) The map N : H' —t H' extends to a map 

N ■.'H^'H®OrlCZ\lA)■ 
Remember the pairing S from lemma [^7^ . For any t G M the tuple (i/|pix{t}, "S*, TV) is a polarized mixed 



twistor structure ; MocOl , definition 3.48] iff all the (Gr; )prim(t) are pure polarized TERP-structures 



Proof. 1. The ]¥[ are flat subbundles with real structure because N is flat and respects the real structure. 
The remaining part is shown as in [^ch73 , Lemma 6.4] with the exception that P is a pairing between 



diff'erent flbers. 

The connections on Wj and Gr^ have a pole of type 1 along {0} x M, because the same holds for H 
and because Wl is a flat subbundle of H' . The decomposition follows again as in [3ch73, Lemma 6.4]. It 



remains to show that Pi maps Gr; Gr; to z^~ Ocxm and that it is non-dcgencrate. Let ai, . . . ,a 
be a basis of the germ 7i(o.t) for some (0,t) e C x M which is adapted to the filtration W,. The matrix 
(z~"'P(cri, (Tj)) is holomorphic and non-degenerate near (0,t), and it has a block lower triangular shape 
with respect to the antidiagonal. li a,b € Wi, then {izNfa £ >V_/, and the classes [a], [6] G Gr)^ satisfy 

z-('"-')p,([a], [b]) = z-^P{{izNya,b) e Ocxm- 

These observations show the properties of Pi needed for a TERP-structure of weight w — I on Gv^ . The 
decomposition respects real structure and pairing, thus also the summands are TERP-structures. 

3. Fix t € M. We have to compare the TERP-structures {Grf^ )primit) of weight w—l and (ziV)^ (GrJ^jj )pi-im(i) 
of weight w — I + 2j . The morphisms usually called r differ and are called ri and T2 here. To show that 
{zNy extends to an isomorphism of vector bundles on P^, we have to prove 

{j{z)Ny oTi ^T2 {zNy. 

But for any a E Hz where z € C*, 

(7(z)iVF"(ri(a)(7(z))) = {-i{z)Ny {T,{a{z))) 



(7(z)iV)^ (flat shift of z-(^"-')a) 



= flat shift of z-(«'-'+2j)(zAf)J(a) 
= r2{{zNy{a)){^{z)). 

A similar calculation shows h2{{zNy a, (zNyb) ~ (— l)^7ii(a, 6) where hi and ft,2 denote the respective 
hermitian forms on the spaces of global sections for some fixed t e M. Wc leave it to the reader. 
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4. We fix once and for all t G M as we do not care here about the real analytic dependence on the parameters 
in M. It follows from the definition of r and the flatness of N that 



Therefore the conjugate of zN under r is z^^N. As zN is a nilpotent endomorphism of H{t) which has 
everywhere the same Jordan normal form, the same holds for z^-^N as an endomorphism of i/(i)|pi_{o}- 
On H'{t) the two endomorphisms coincide up to the scalar z^. Therefore their weight filtrations coincide 
on H'{t) and glue to a weight filtration W,{t) on H{t). Furthermore, from the above equation we get 
that Wi{t) is obtained by gluing Wi{t) with -i*Wi{t) via r. Also, now it is clear that N : H'{t) H'{t) 
extends to a morphism TV : 'H{t) (8) Opi (1,1). By definition, the weight filtration associated to this 

morphism is W,{t). 

The tuple {H{t),N) is a mixed twistor iff all GrJ^(t) are pure twistors of weight I ]Sim97[ [ |Moc02| , definition 
2.30]. We first show that this is equivalent to all Gv^ (t) being pure twistors of weight 0. Both quotients 
are obtained by gluing GrJ*' with 7* Gr^^, the first one via t, the second one via t; where 



Tt : ^ a ^ flat shift of z («' ''a. 

Comparing r and t; we see that Ti{h)[z) — z^W{b)[z). This shows 

which proves the claim. Using 3. we obtain the statement: The tuple {H{t),N) is a mixed twistor iff all 
{Gr^)prim{t) [l > 0) are pure TERP-structures. 

It remains to compare the polarization conditions. The one for the pure TERP-structure (GrJ^)p„™(i) 

reads 

z-^^-'^Pi{a,Ti{a))>0 for a G i/"(P\ (G?V"» W) \ W- 

The polarization condition for the pure twistor (Gr^)prim(i) of weight / as part of the polarized mixed 
twistor {Ti{t), S, N) is that it is polarized by S{NK, .) |Moc07 , deflnition 3.48]. One has to rewrite this 
condition with | Moc07 , definition 3.35] as a polarization condition for a pure twistor of weight 0. We choose 

the pure twistor (Gr^)prim(O ® Cpi (0, —I), where Opi (0, —I) is the sheaf of holomorphic functions on C 
with a zero of order at least / at 00. Then the condition is 

r' ■SiN'{a),a)>0 for a e ff"(P\ (Grp)p„™(t) ® Opi (0, -/))\{0}. 

Th e factor arises from definition 3.35 and the first line in formula (3.8) (here applied to {p, q) = (0, — /)) 
in iMoc07[ . 

If a e (GrJ^)prim(i) is glued with t;(6) to a global section in (Gr^)prim(O; t^^ii formula Ti(b){z) ~ 

z^''T{b){z) shows that a is glued with z~^T{b) to a global section in ((GrP)priTn(i) ® Opi (0, The proof 
of 4. is now finished by the following calculation. 

z-('"-')Pz(a,rz(a)) - z'P((z7V)'(a), (-z)-V(a)) 

= {-ifz-'"P{N\a), T{a)) ^ i-^S{N\a), a). 

□ 



3 Limit TERP- and twistor structures 



In this section we consider variati ons of T ERP-structures on the complement of a normal crossing divisor. The 
fundamental result of Mochizuki [ Moc07 , theorem 12.22] yields a limit mixed twistor structure starting from 
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a tame harmonic bundle. Wc will show in this section how this can be applied to variations o f pu re polarized 
TERP-structures. We describe in detail how the limit objects look lik e in this situation (theorem 3.7). Moreover, 
we give a complementary result on limit TERP-structures (theorem 3.5). For a regular singular variation on a 
punctured di sc, this also applies if there is no harmonic bundle associated to the variation of TERP-structures 
(proposition 3.9). 

We start by fixing some notations and by introducing multi-elementary sections and V^-filtrations, which are 
the basic tools to construct the limit objects. Fix 1 < I < n and put [ = {1, . . . ,1}, n=: {1, . . . ,n}. We consider 
X = A" with coordinates (ri,...,r„), the open submanifold Y = (A*)' x A"^' and the normal crossing 
divisor D = X\Y = Uje; with irreducible components Dj = {rj ~ 0}. Moreover, for / C /, / 7^ 0, let 

Di = Cljei^J ^/ = 'Di\[jjeL\i ^j- ^il^ jSabOSt and jMocOTt ) denote by X the product 

C X X, and similarly use y ^'D.Vi^'Di ,'D°j for the corresponding products with C. Finally, write ttx for the 
canonical projection X ^ Di_ and '-Y ^ Di_ for its restriction to F C X. 

Suppose that we are given a variation of TERP-structures (7J, iJ^, V, P, w) on Y. We will first discuss extensions 
of the flat bundle H' € VB^.^y to C* x D. In a second step, they will be used to extend H to X. 
We write Mj, j G /, for the monodromy automorphism corresponding to a counter-clockwise loop around 
C* X Dj. The monodromy around {0} x y is still denoted by Mz- They all commute. The semisimple and 
unipotents parts are denoted by Mj^s and Mj^u, respectively. The nilpotent parts are defined by Nj = log Afj^„. 
For any j e I, define 



C3 

c 



{flj e C I e^'^^"-' is an eigenvalue of Mj}, 



for 6, e C, 



for b G C 



We have Cj = C^' + Z and C = + Z'. The existence of the flat pairing P implies that Cj = —Cj, 
similarly, the fact that M^,^/, e Aut{H^) gives = -C]. Put e^'^*'* := (e^'^"'!, . . .,62^^"') for a e C and 
:= {5ji)jizi S C'. Remember the relations a < b, a < b, a < b for a, b e C' from the introduction. 

Define the flat bundle H'{V) on C* x Di_ by iterate application of the functor of nearby cycles to the local system 
{H')^ , that is H'{1) := -0^ (^ra (■ • ■ ''/'r, ((-ff')'^) • • ■)• fibre over a point (z,r) £ <C* x can be described 
concretely as 

H'(l,z,r) := I multivalued global flat sections in H', ^ -1, ?t- 



We denote its sheaf of holomorphic sections by ?{'{[)■ By definition, this bundle comes equipped with a flat 
connection, the corresponding monodromy around {0} x Dy which is still denoted by G Aut{H°°), a flat real 
subbundle H'{1)^, a flat pairing P (which takes values in i"'lR, on H'{V)ts) and with flat bundle automorphisms 
denoted by Mj for any j g L Given A = (Ai, . . . , A;) e (C*)', we write H'{f)x for the simultaneous eigenspace 
with eigenvalues (Ai, . . . , A/) of the semisimple parts of {Mi, . . . ,Mi). 

Notice that one may perform the same construction for any subset / of Z, yielding a flat bundle on C* x Dj, 
which is also equipped with a real structure and a pairing as above. 

Our aim is to obtain an extension of H'{1) e VB^'xri, to a vector bundle on Vj^ starting with a variation of 
TERP-structures which satisfies a regularity condition near the divisor V. For that purpose, we will need the 
following generalization of elementary section. 

For a <E C and any holomorphic section A G 7i'(Z)e27ria([/i x U2) with Ui C C* and U2 C open, the section 



J6i 



is a holomorphic section in H' on Ui x tTy^{U2)- Notice that contrary to the elementary sections considered in 
section]^ wc use the opposite indices here {—dj instead of aj) and moreover, the section A itself is not necessarily 
flat. 
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The following identities, which will be used frequently in the sequel, are satisfied by the /-elementary sections. 

z\/,esi_{A,a) = es^(zV.A,a), (3.1) 
Vr,esi_{A,a) = es/_(V^^A,a) foTjeri\l, (3.2) 

{rj\/r^ +aj)esi{A,a) = esz(-^A,a) for j G /, (3.3) 

ZTTl 



if a + 6 ^ 



Piesi_iA,a),esi_iB,h)) - <| ^ ^^a.^b, , „ , ^/ (3-4) 



The last equation follows from the flatness of P, which implies in particular that the morphisms Nj are in- 
finitesimal isometrics of P. 

We obtain an induced increasing V-filtration by extensions of H' to vector bundles on C* x X. The associated 
locally free sheaf is defined as 

bV := ^Oc-xxesi(A,a) (3.5) 

a<b 

The reason for considering an increasing instead of a decreasing V-filtration is that this notation is compatible 
with the one used by Mochizuki (see section Jsh for the parabolic filtration defined for a harmonic bundle. 
It follows from the formulas (3J^), (3^) and (3^) that the sheaves bV are invariant with respect to VzjVrj 

(j G ll\L) and rjVrj {j S [)■ The residue of rjVrj [j G 1) on hV\c*xDj has eigenvalues in C^-\ 

Each aV carries a filtration by subshcaves bV indexed by {b e C | b < a}, and we have an isomorphism 

$' : 7^'(/),2,,. ^ Gra(aV) 

(3.6) 

A ^ [es(A,a)], 

in particular, the quotient sheaves Gra(aV) arc locally free on 0c* xjj ■ The system of locally free s hea ves 



(aV)a6C is a locally abclian parabolic bundle in the sense of definition 4.1, this will be shown in lemma 5.1 



The Z-elementary sections can be used to describe general sections of the bundle H' . More precisely, suppose 
that Ui C C*, U2 C Di_ and L/ C C* x X are open subsets such that Ui x U2 CU. A section a G Ti'{U n Y) is 
an in general infinite sum of Z-elementary sections on Ui x 7ry^([/2), namely 

o- = ^ esi_{A{(T,a),a), 
aec 

where A{a,a) are uniquely determined sections in 7ig2,ria({)(C^i x U2). These pieces A{a,a) satisfy the following 
equations, which will also be quite useful later. 

z'^VzA{a,a) = A{z'^V ^{a),a), (3.7) 
z\7r^A{a,a) ^ A{zV {a) , a) forjen\i, (3.8) 

2(-aj-^)A(a,a) A(zr, V,^. (a), a) for j e /. (3.9) 

Remark 3.1. As we noticed above, it is possible to define a flat bundle H'{I) g VTJ^.^^^o for any nonempty 
subset I d I. In a similar way, one can define I -elementary sections. Composition of these operations behaves 
well, more precisely, for any I, J d I such that I H J ~ we have a canonical isomorphism H'{H'{I), J) = 
H'{IU J) and similarly esj(esj(A,a),a) = esiuj{A,a). 

Up to this point, the only input data wc used was the flat bundle H' with its real structure and the pairing P. If 
we are given a variation of TERP-structurcs (H, , V, P, w) on Y, the {-elementary sections and the increasing 
V-filtration can be used to control the behavior of Ti, near the divisor V and to discuss possible extensions to 
X. More precisely, consider the inclusions j'-'^' : G* x X ^ X and j*^^' : y ^ X. We define for any a S C the 
sheaf 

a^:=#^aVnjf 7^ (3.10) 

on X. It is by definition locally free on (C* x X) U 3^ = A:'\({0} x D), but it does not even need to be coherent 
on the codimension two subset {0} x D. 
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Definition 3.2. Let (X, Y, D) he as above. A variation of TERP-structures (iJ, H^, V, P, w) on Y is called 
tame ( along D) iff all sheaves ^.T are locally free. 

Theorem |3.5| treats tame variations of TERP-structures. We start with two examples which are not tame. 



Examples 3.3. Any of the variations of TERP-structures from example 2.i is denoted by TERP. We do not 



care about the real structure or the pairing here, so any of the choices made for them in example 2A can be used 
here. 

1. Consider X — G, Y ~ G* and (pi : Y ^ C*, r ^ gi/". The pullback ipliTERP) is a variation of 
TERP-structures on Y which is generated by the sections 

z-^Ai+e^/''A2, 2^2, Ai. 

The sheaf oJ- is locally free on C x X\{0}, and zA2 and Ai are global sections whereas z~^A\ + e^/^A2 
is not. This implies that qJ- is not coherent at 0. The reason for this is that zA2, Ai do not generate the 
restriction qT to y (i.e., Ti. itself), as they should by the implication i) Hi) in I^er6d^ , theoreme 1] if 
qJ^ were coherent. 

2. Consider X = <C^ , Y = (C*)^ and <p2 : ^\{0} ^ P\ (ri, ra) ^ (ri : r2). The pullback ip^{TERP) is a 
variation of TERP-structures on X\{0} which is generated by 

r2Z^'^Ai +riA2, zA2, Ai, 

and it can be restricted to Y . The sheaf o J' is locally free on Gx X\{0} , but at it is not, but only coherent 
with three generators. For any fixed (ri : r2) the restriction of the variation on X\{0} to 'y32^^((ri : r2)) is 
a constant variation. As they are all different, their limits for (ri,r2) are not compatible. 

In the tame case, the various ingredients of the TERP-structure can be extended to the sheaves ^T. This is 
done in the foUowing lemma. 

Lemma 3.4. Let [H, H^, V, P, w) be a variation of TERP-structures, tame along D. Then for any a G C, the 
connection extends as 

V : ^ ® z-^^\ (logP U ({0} X X))) . 
Moreover, P extends to a non- degenerate pairing 

P:^T®]\T^z^Ox, 

where b G C is the unique multi-index satisfying — C = , i.e. bj = max Cj n (— oo, Oj + 1). 

Proof. As we have seen, the sheaves aV are invariant under the connection operators V^, V^^ (j & r\1) and 
rjVrj {j £ I). Moreover, TC is invariant under z'^Wz and zWr^ (j G n) as it underlies a variation of TERP- 
structure. It follows that ii!F is invariant under z^Vz, zVrj {,] & n\l) and zr^SIrj {j G [)■ This proves the 
first statement. Concerning the second one, notice that formula (3.4) yields that P : aV <8) j*bV — > Oc-xx 
is non-degenerate. Now choose locally on {0} x arbitrary bases of a-^ and i,!F, then the corresponding 
matrix of z^'^P is holomorphic and invertible on C* x X and on y, i.e., outside of the codimension two subset 
{0} x D. Therefore it is holomorphic and invertible all over X, and the pairing P : a^ <E) ,j*h^ z'^Ox is 
non-degenerate. □ 

For any a G C, the increasing filtration of aV considered above induces by definition an increasing filtration of 
a.F, given by the subsheaves for any b e C with b < a. However, it is considerably less obvious that the 
corresponding quotients are locally free. This is part of the next theorem, which is the first main result of this 
section. 

Theorem 3.5. Let X,Y,D be as above and let {H, H^,\7 , P,w) be a tame variation on Y. 
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1. For any a G C, the quotient sheaf 



b<a b 



J" 



is locally free over Ot>i and defines an extension of GraiaV) to a vector bundle on 2?/. Via the inverse 
of the isomorphism $' in formula ( |3.6| ), this induces an extension of H' {l)g2,ria to 2?;. This extension is 
independent of the choice of a within the set a+ Z'. It is denoted by iJ(/)g2xia. We have the following 
isomorphism of the associated sheaves 



$-1 : Gra(a^) 

s(A(a,b),b)] 



A{a, a) 



(3.11) 



We put Hil) :^ Eaec^U). 



then the tuple (iJ(^), i/'(^)]f{, V, P) is a variation of TERP-structures 



of weight w on Di. Furthermore, the nilpotent endomorphisms zNj,j G I, on H'iV) extend to nilpotent 



endomorphisms on the bundle H{1). 
form at each point in {0} x Di . 



However, it is unclear whether they have the same Jordan normal 



2. For any I d I, the same construction yields an extension o/ -ff'(/)e2xiE, to a vector bundle H{I)g2„i& on 
and the sum H[I) underlies a variation of TERP-structures on Dj, tame along Di\D°j. Moreover, 
for any J C A^. we have H{I U J) = H{H{I), J). 

The proof of this theorem will be postponed until section |^. It relies on a general result concerning parabolic 
bundles on X, which is given in section |. This result applies to the system of locally free sheaves {a.^)aec- 
More precisely, we c onst ruct in theorem 4.2 a compatible syst em of l ocal bases for all g^T, a e C, which yield 
the proof of theorem essentiall y by using the formulas (3^) - (3.9). 

Let us turn back to the examples 3.3. These were seen to be non-tame variations of TERP-structures. as a 
consequence, the limit construction of theorem 3.5 does not work here. 



Examples 3.6. In example 1., (o^)o o,t is a free C'cxx,o module of rank 2, generated by ZA2 and Ai (which 
do not generate qT in a neighborhood ofO). This implies that A{{zA2,0),0) = ZA2 and A((Ai,0),0) = Ai. 
As we already remarked, in example 2., the germ {oJ^)o is not free but generated by the 3 sections 



r2Z 



'^Ai + riA2 



zAo 



A, 



We have A{zAi,0) = ZA2, A{Ai,0) = Ai but A{r2Z~^Ai -\- riA2,0) = 0. In both cases the construction in 
theorem 3.L gives an extension of H'{1) to the vector bundle generated by 2A2 and Ai. The connection has even 
a logarithmic pole, and the pairing extends holomorphically, but it is degenerate at 0. Therefore this extension 
is not a TERP-structure. 

Notice that the above mentioned compatibility condition is not satisfied in example 2. More precisely, putting 
/ = {1} and J ~ {2} we obtain variations of limit TERP-structures II{I) on D°j and II{J) on D°j. Both are 
constant variations, and they are different, so their limits on -D/uj = Di = {0}, are non- isomorphic. 

The second result of this section gives a much stronger result about the limit object II{V} under the additional 
hypothesis that the variation we started with is pure polarized. It builds on [Moc07, theorem 12.22], which 
describes a limit polarized mixed twistor structure defined by a tame harmonic bundle on Y . Recall that a 
variation of pure polarized TERP-structures {H, H^, V, P, w) on a manifold M gives rise to a harmonic bundle, 
namely (-ff|{o}xJ\/, d, 6, h) jHcrOS, chapter 2]. Here the operator d is the one defining the holomorphic structure 



on Hi 



{0}xA/ 



whereas the Higgs field 6 is the pole part along {0} x M of the connection V with respect to vector 
fields on M . The hermitian metric h is obtained from pr^Ti. by the real analytic isomorphism 'H'^^q-^^j^j — > pr^Ti., 
which exists as H is pure. 

For any harmonic bundle {E,d,6,h) on y = (A*)' x A"~' as above, the Higgs field can be written in the 
coordinates (ri, . . . , r„) as follows: 



E 

3 el 



{E, d, 9, h) is called tame along D = X\Y if the coefficients of the characteristic polynomials of all endomor- 
phisms 9j extend to holomorphic functions on X. 
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Theorem 3.7. Let X, Y, D be as above and let [H, H^, V, P, w) be a variation of pure polarized TERP-structures 
such that the associated harmonic bundle is tame along D. Then the following holds. 



1. The variation of TERP-structures is tame, so that theorem 3.L applies. We obtain a (limit) variation of 
TERP-structures {H{1), H'{1_)m,, V, P) on Di_. 

2. For each a G (R^)', the nilpotent endomorphism zN.^ = X^jez ^'^j^j bundle H{V) has at each point 
of Vi the same Jordan normal form. Therefore it induces a weight filtration on H{1) by subbundles. 
This weight filtration does not depend on the choice o/a G (R^)'. 

3. For any r G Di and any a G the limit TERP-structure at r yields a polarized mixed twistor structure 



(7i(Z)(r), 5, A^a) in the sense of lemma 2.1C. 

4-. The quotients GrJ* as well as the summands in the decomposition Gr^ ~ ®j>o(^-^)"'(^^i+2j '^'"^ 
variations of pure TERP-structures of weight w — I. Moreover, any (Gr|^)prj:m is a variation of pure 
polarized TERP-structures. 



The proof of this theorem, which is essentially an application of [Moc07, theorem 12.22], will also be given in 
section H. 



The next result shows that theorem 3.7 applies in the case of a variation of regular singular pure polarized 
TERP-structures. 

Proposition 3.8. // (H, H^, V, P, w) is a variation of regular singular TERP-structures on a manifold M then 
all endomorphisms of the Higgs field on H^^Qy^^^ are nilpotent. Therefore, if the TERP-structures are also pure 
and polarized, then the associated harmonic bundle is tame along any divisor. 

Proof. The endomorphisms of the Higgs field are the endomorphisms [zVx] on Ti/zTi Ti/zT-L, X G Tm. 
Consider the Deligne extensions V" of ?i' to C x M . Any V" is stable under V x by definition. This implies 



Because of this and lemma |2 
[zVx] is zero. 



[zVx] : V^in/zH) V+'in/zH). 

[zV x] is nilpotent. The tameness is now obvious, as the only eigenvalue of 

□ 



The following proposition treats the case of a regular singular variation on A* with an a priori much weaker 
tameness assumption than that in definition 3.2. The proof builds on Scr66| . However, we do not obtain a 
polarized mixed twistor in the limit. 

Proposition 3.9. Let (H, , V, P, w) be a variation of regular singular TERP-structures onY — A* . Suppose 
that at least one gj- is coherent or that its (locally free) restriction a-^|CxA\{o} i^ generated by global sections. 
Then all \,!F are locally free, so theorem |g. j| applies and gives a limit TERP-structure Moreover, if 

Ti. C V", then Ti.{l) C V"'. In particular, in the situation of theorem \3.^ 2., the spectrum of the limit TERP- 
structure -ff(/)|cx{rE} is contained in the interval [a,w — a\c for any x G D°j. 

Pro of. By construction = where j^'^^ : (C x A\{0}) ^ C x A and s,T a-?^|CxA-{o} is locally free. 



By [ ^cr66 , theorem 1], ^.T is coherent iff there is a neighborhood U C C x A of such that at each point in 
t/\{0} the sheaf is generated by its global sections in C/\{0}. Therefore the second assumption from above 
is equivalent to the coherence of a^- As a.^ is locally free, a-?^ is reflexive [serGG, proposition 7]. As the base 
has dimension 2, it is locally free. 



Now consider any other y^T. We will apply |Ser6€, theorem 1] to show that it is coherent. Then reflexiveness 
and local freeness follow as above. By lemma 2^ there exists (3 with H D . The sheaf ji^\v n jl^'' is 
locally free, as it is generated by sections which are elementary with respect to r and z. The sheaf 
is locally free, becau se is locally free. The union of bases of both sheaves generates i,!F at each point in 
t/\{0}. Using [3er66, theorem 1] again, we obtain the coherence of bJ-. 

As to the last statement, consider any local section s G 7^(1) and decompose it into a sum of z-elementary 
sections. If in this decomposition there is any z-elementary section with order (3 < a, then it necessarily also 
appears in some section of some This implies that ^ 3*^ n j*^^V" from which we conclude that 
7i ^ V", which contradicts the assumption. □ 
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4 Locally abelian parabolic bundles 



In t his section we consider parabolic bundles on an arbitrary complex mani fold AI . Th e main result is theorem 
4.2 , which says that any parabolic bundle is loca lly abelian in the sense of ISO? , [S08 |. 

This theorem was proved first by Borne Bor09 , theoreme 2.4.20]. However, his proof is adapted to a more 
general situation, it is done in the algebraic category and moreover it is spread over the two papers | Bor07 | and 
[|Bor09| . Therefore we found it useful to offer here a short proof, which is actually a mixture of an (independent) 
proof we had in the first version of this paper and of Borne's proof. We comment on the relation between the 
proofs at the end of this section. We thank the referee for pointing us to Borne's work. 

Theorem iJl is applied in the next section in the proof of theorem |3.5| . More precisely, it shows that for a 
variation of TERP- struc tures on Y ^ X\D, tame along D, the system of locally free sheaves (a-?^)aGC as 
defined by formula (3.1C) is a locally abelian parabolic bundle on X. 



We start by recalling briefly the notion of a parabolic sheaf, in order to fix the notations. We follow IS07 , ISOS], 
however, we consider the corresponding analytic objects, and we also allow arbitrary complex numbers as 
weights of the parabolic structure. This imposes a slight change in the definition compared to loc.cit., on which 
we comment later. 

Definition 4.1. Let M be a complex manifold, I G IN and D — Yii^i Di C M be a normal crossing divisor with 
irreducible components D^. Write, as before, Di for the intersection pl^^jDi. 

1. A parabolic sheaf on (M, D) is a family (a^)aec' torsion free O m -modules such that the following holds. 



(a) For any a, b G C' with a < b, a^ 



OM-submodule of b£ . 



(b) (support condition) For any a G C', we have a-ei£ = a£{^F)i). 

(c) There exists a discrete index set C = Jl'^i such that Cf^ := Ci n (a^ — l,ai]c; finite for 
any a,; G C, and Ci = +Z such that the system of sheaves (a'^^)agc determines the parabolic sheaf 
(af)aec' following way: For all a G C', we have sl£ ~ &£ < where a.i := max ((— cx), a^Jc H Ci). 
We will often use the notation = Ili=i ■ 

2. A parabolic sheaf £ on {M, D) is called a parabolic bundle if all a.£ (iff- locally free. 

3. For any a G C', denote by '^C (b''--)bec' parabolic line bundle on [M,D) defined by := 
OM{T,\=ilat + bi\Di). (Notice thaf^C is called O M{T!i=ia,Di) m ^SOljl ). 



4. A parabolic bundle (a^^)aeC' called locally abelian, if it is locally isomorphic (as a parabolic bundle) to 
©"iC^'-C) for suitable a* G C 

It follows from the definition of a parabolic sheaf that for any b G C' and any a G (b — l,b]c, the quotient 
b£/a£ is supported on the divisor D. If hi = for all i G / \ {j}, then supp(bf /a^^) C Dj. In particular, the 
quotient 

Gra(af ) := 

is supported on the intersection Di_. Notice that this quotient is zero if a ^ C. Moreover, condition l.(c) from 
the above definition implies the weaker semi- continuity condition: For any a G C', there is e G 11+ such that 
for any c G [0, e)^-; we have a.+c£ = &£■ If we consider a parabolic sheaf indexed by R', and suppose that for 
any subset I G I, the intersection Dj ~ C]i^iDi has only finitely many components, then the semi-continuity 
condition and the support condition actually imply the existence of an index set C with the above properties. 



Theorem 4.2. ( \BorOk , theoreme 2.4.20]) Any parabolic bundle is locally abelian. 



Theorem 4^ will be p rov ed by induction over I, after lemma iA. The first step, I — 1, will be an immediate 
consequence of lemma iA . Lemma L2 rewrites the condition " locally abelian" in a more explicit way and draws 
two useful conclusions. 

Lemma 4.3. Let AI be a complex manifold and D a normal crossing divisor as above. Let (ai^^)aec be a 
parabolic bundle on M . Then the following two conditions are equivalent. 
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i- (a^)aec is locally abelian. 

2. For any t Cz Di there are local coordinates r = (ri, ...,r„) on M and a neighborhood U with r : {U,t) 
(A",0) an isomorphism such that for i E I, Di C\ U = = 0}, and there are sections Uj^a G af|£/, 
a S C, j e {1, . . . , rf(a)}, such that the following two conditions hold. 

(a) For any i £ I and j € {1, . . . , d{c)}, we have ri ■ Uj ^ = CTj c-e; • 

(b) Denote by i^a the inclusion C for any c < a. Then (ica(o'j.c))c6C'',ie{i,....ci(c)} o, local basis 
of el£\U- 

Suppose that 1. and 2. hold. Then Gra(ai^^) is a locally free O o^-module of finite rank. If U and aj^ are as in 
2., then 

Gr^U\u)= O^nr/Ka]. (4.1) 

ie{l,...,d(a)} 



Vice versa, if U and aj^c o.'i^e o,s in 2. (a) and satisfy (4.1) then also 2.(h) holds. 

Proof. The equivalence 1. <^ 2. is clear. Namely, a locally parabolic abelian bundle is isomorphic, for any 
b S C, to a direct sum (Ba_^c'°i^^Y^^^ ■ On the other hand, given a parabolic bundle satisfying 1., then for any 
b S C, the sections a for a G correspond to the choice of such an isomorphism. 

Suppose that U and Uj^c ai'c as in 2. The sheaf i^8\u is free with basis ica(cj,c), c G C^,i E {1, ...,d{c)}. The 
subsheaf J2c<acS\u is coherent and is generated by ica{<^j,c), c e C"^\{a},j S {1, d(c)}, and by . o-j,a, 
i ^ Lj ^ {1: ...,d(a)}. This shows equation (4.1) and the local frceness of Gra(a^^). 

Finally, suppose that U and ct^.c are as in 2. and that we have sections aj,c G c£\u satisfying 2. (a) and equation 
(U). Fix a e C. For b, c e C^, j e {1, d(b)}, k e {1, d{c)}, write 

«ba(CTj,b) = ^ K(j_b),(fc,c) • «ca(CTfc,c). 

The square matrix (K(j.b).(A:,c)) is holomorphic. It is sufficient to prove that it is invertible on Di n U. Then in 
a neighborhood U C U oi Dj^O U the sections aj^i, satisfy 2.(b). 

But for fixed b S C"^ the block {K(j.h},{k,b))\Dinu is invertible, and for fixed b,c e with c ^ b the block 
ii^{j,b),{k,c))\Dinu vanishes. Therefore the matrix (K(j,b),(fe,c))|_Dinc/ is invertible. □ 

Given a parabolic bundle (ai^^)aeCi the following notations will be used: denotes the vector bundle corre- 
sponding to a£, /a,b denotes the morphism corresponding to the inclusion g^E ^ i,£ for a < b. 

Lemma 4.4. Let (ai?)aGC be a parabolic bundle with I ~ 1 on [M, D). Fix any point t Cz D = Di. 

1. For a, b G C C C with a < b < a + 1 

Im((/a,b)|t : aEt -* bEt) = ker((/b,a+i)|t : bEt -> a+i-^t). 

2. Fix a € C. For any c £ choose germs of sections aj^c G c^t, j € {1, ...,rf(c)}, such that the vectors 
i'^j,c)\t G cEt represent a basis of cEt/^]^^f.fb.c{bEt). Choose a neighborhood U C M oft and a 
coordinate function ri : U ^ G with DHU = {ri = 0}. Define for any c G C germs of sections G c^t 
by 

CTj c = ■ CTj,c+?i for n G Z with c + n G C". 



Then part 2.(b) in lemma q holds, i.e. for any b G C (*cb(o'j,c))c£C'>,ie{i,...,(i(c)} is o, basis of^Sf. 

Proof. Choose a neighborhood U C M of t and a coordinate system r = (ri, r„) on U with r : {U, t) ~> (A", 0) 
an isomorphism such that D DU = {r^ = 0} . 

1. Consider M := {rj = ... = r,, ^ 0} C U, D := M D = {0} = {<} C M, and for a G C the sheaf 
a£ of holomorphic sections of aE^^. Then {a£)aec is a parabolic bundle on {M,D), and a-E = aE^^-^, 
fa,b = (/a,b)iJf, and in particular a^ = g+i£{-D) = ri ■ a+i£. 
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Consider a germ of a section a & b£\t with value a^^ e bEf. Then 

ait e ker(/b,a+i)|t 
<=^ a vanishes at < as a section in a+ii? 
a is already a section in s^E 
CTjt e Im(/a,b)|t- 

This proves part 1. 

2. The vector space y,Et is naturally filtered by the subspaccs {0} and fc.hicEt) for c e C*', with quotients 

, , /cb(c£'|t) 

where c := maxC H (— oo, c)c. The map (/cb)|t induces the map 

Gr(/eb)|t : Gr^i^Et) ^ Gr^ibEt). 
This map is an isomorphism for c £ because of 

/cb'(/Hbfei?t)) = /eb'(ker((/b,H+i)|t)) = ker((/e.s+i)iO = /H.cfei?*). 
Here 1. is used two times. 

By construction, for all c G C (not only c £ C"*) the vectors {(Tj.c)\t G c^'t represent a basis of GidcEt). 
Because of the isomorphisms Gr(/cb)|t : Grc(c£'t) GrdhEt), for c e C*' the vectors /cb(o'j,c)|t) G b-E* 
represent a basis of GrdhEt). Therefore all the vectors (/cb((fj,c)|t))cec'',i6{i,...,d(b)} are a basis of b^'t, 
and all the sections (/cb(o'j,c))cec'>,jG{i,...,d(b)} are a basis of b^t- 



□ 



Proof of theorem 
part 2. of lemma 



^.1 



4.4 



We will prove condition 2. in lemma |4.3| b y in duction on I. The case Z = 1 is handled by 
which gives exactly condition 2. in lemma LS if the divi sor D has only one component. 
Now suppose that for some I > 2, the statement (i.e., condition 2. in lemma L2) is true for any parabolic bundle 
on a manifold with a divisor with /—I components. Let (ai^^)aec be a parabolic bundle on (M, D) = (M, [J^^i Di). 
Choose t G Choose locally around t G M coordinates r = (ri, r„) on A/ and a neighborhood [/ C M of 
t with r : (t/, t) (A", 0) an isomorphism such that Did U = {r^ = 0} for i E L 
For I <zl,I and a" G C define the index set 

C(/, a") {a e C I a, = a° for j el_- I}. 

Then (a^^)aec(/,a'') is a parabolic bundle on (il/, [J.^^j Di). 

Consider the case / = {/}. The system (a^^)aec({;},a0) is locally abelian because of |/| = 1, and by lemma 4.3 
any quotient sheaf 

GnU) := = 

2^Y,<!iC{{l},aP)M<ai 

is a locally free Od, -module. Now consider / = I — 1 = {1, I — 1}. 

Claim: The system (Gr;(af ))aGC(i-i,a°) o, parabolic bundle on (i?(,lJie/-i ^ ^i) = {Di,Di — Df). 



Proof. All the sheaves g^E, a e C{ 1 — 1 , a'^), coincide on AI — [J^^i_^ Di. Therefore all the sheaves Gr;(af), 
a e C{ 1 — 1 , a"), coincide on Df. Because they are locally free, the natural maps Gr;(af) Gr;(bf) for 
a < b, a, b € C{ 1 — 1 , a°), are inclusions. The equations a-e,^ = a£{—Di) imply 

Gr,(a-e.f ) = GriU£){-Di n D,) for i e l_J_. 

□ 
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By induction hypothesis, the parabohc bundle (Gri(af ))aec(i-i,a") is locally abelian. The equality of quotients 

Gra(Gr,(a5)) = Gra(af) 



is obvious. By lemma 4.3 the quotient on the left is a locally free Od, -module of some finite rank (i(a), hence, 
also Gra(a'£) is Od, -locally free. 

Now choose sections cTj^a, a g C, j e {1, d(a)} of g,£\u such that 



ri ■ CTj.c = o-j,c-e, for i e /, c e C,j £ {1, ...,rf(c)} 

Gvc{c£\u) = ^ Ooinu ■ K.c] for c e C. 
je{i,...,<i(c)} 



and 



is a local basis of a£\u for any a G C. Then, by lemma 



We have to show that (jca(CTj,c))ceC'« j6{i,...,d(c)} 
2. =4> 1., (a'^^)aec is locally abelian. 

Denote by [cj.a]; the class of dj^a in Gr;(af ). Lemma O applied to the locally abelian parabolic bundle 
(Gri(a£))aGC(i^,aO) shows that the sections ([ica(CTj,c)]/)cec(/^,aO)=^,iG{i,...,d(c)} form a local basis of Grz(af ). 
This holds for arbitrary a" and a in C. 



For any b° € C, it gives the condition (4.1) for the locally abelian parabolic bundle (b^-)beC({;}.bn) a-nd the 
sections «cb(CTj,c), b g C({/},b°),c e C( / — 1 , b)*^, j € {1, d(c)}. The last part of lemma 4.3 applies and 
shows that the sections (icb(o'j.c))cec'>,je{i,...,d(b)} a-rc a local basis of b^^. Therefore (bi^^)bec is a locally abelian 
parabolic bundle. □ 



Remark: Borne's proof of theorem [4.2| starts with [Bor09, Icmme 2.3.11], which applies to the case I = 1 and 
gives that the sheaves Gvi{a^£) are locally free Od, -modules. Then an induction and additional arguments in 
[ Bor09| , propositions 2.3.5 and 2.3.10] give a result which contains that the sheaves Gra(af) are locally free 
Ci), -modules (it treats the homology of a complex associated to a "facette", and Gra(af) is one homology 
group). Then he establishes equivalence between parabolic bundles and locally free sheaves on certain stacks. 
To conclude he shows that these are sums of line bundles on these stacks. The case Z = 1 of this is |Bor07, 
proposition 3.12]. 

Our proof unifies the treatment of the quotient sheaves Gr;(af ) and Gra(af) with the final analysis of the 
locally free sheaves on the stacks into one big induction. Therefore our step / = 1, which is lemma 4.4 (and the 
application of lemma 4.3 to the case I = 1) replaces | Bor09|, lemme 2.3.11] and Bor07| , proposition 3.12]. Our 



inductive step is almost the same as the induction in |Bor09, propositions 2.3.5 and 2.3.10] 



5 Tame harmonic bundles and limit data 



This section is devoted to the proof of theorem 3.5 and of theorem 3.7. The first one is essentially an application 



of the results of the last section, while the second one consists in a detailed comparison with the data occurring 
in | |Moc07| , theorem 12.22]. 

First we apply the results from the last section to the system of sheaves considered in theorem B^a. Notice that 



the first statement of the following lemma is actually shown in |IS07, lemma 3.3] in the algebraic context 



Lemma 5.1 



1. Let H' G VB(^-,y^Y ^ fl'^^ bundle. Then the system of locally free sheaves (aV)aGC as 
defined hy formula (3.5) is a locally abelian parabolic bundle on C* x X. 



2. Let {H, H^,\7 , P,w) be a variation of TERP-structures on Y, tame along D. Then the system (a-^)aec 
is a locally abelian parabolic bundle. 

Proof. Both system of sheaves (aV)aec resp. (a.?^)aec are obviously parabolic sheaves, and both are locally free: 
for (aV)aec this follows from the construction using multi-elementary sections, and for (a.?^)aec this is exactly 
the condition for the variation (iJ, iJ^, V, P, w) to be tame along D. Hence, by theorem |4.2| , both are locally 
abelian parabolic bundles. Obviously, for a tame variation of TERP-structurcs, once we know that {a.^)aec is 
locally abelian, the same is true for (aV)aec as the latter parabolic bundle is the restriction of the former to 
C* X X. On the other hand, an explicit basis of the sheaves (aV)aec which satisfies the conditions (a) and (b) 
in lemma 4^, 2. is defined by putting <Tj.c = es;(Aj,c), where {Aj)j^i^^^Mf.\ is a local basis of Ti.' {l)^2wic . □ 
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Wc can now use the adapted basis constructed in theorem 42 to show the first main resuh of section ^. 



Proof of theorem \3. q . It follows from theorem 4^ and lemma 13 that the quotients Gra(a-?^) are locally free 
over O-Di- Moreover, we have a^|c*xx = aV by definition, so that Gra(a-?")|c* = Gra(aV). Hence we 
obtain an extension of Gra(aV^) to Vi_, and an extension of 7J'(l)g2xia via ($')~^ from formula ( ^.6[ ). Choose 
a local basis (cr^^c) of a-^ as in lemma 2., and develop any aj^c as a sum of /-elementary sectio ns d j c = 
X]b<c b), b). Then [crj,a] — [eg;(A(g,.a; in GraU^F), which shows the isomorphism 

It follows from lemma and from the equations (3/7) and ( |3.8|) that the flat connection on 7i'({)g2,ria has a 
pole of type 1 on 7i(/)e2xia along {0} x Di. Similarly, equation (|3.9|) shows that the endomorphisms zNj extend 
holomorphically to the bundle Ti{l) i,2„iE, . 

In order to show that H{V} underlies a variation of TERP-structures on it only remains to prove that the 
pairing P has the correct properties on this bundle. We have already seen that P : ^^T ® — > z~^Ox is 
non-degenerate, where b € C such that = — C*. Choose again local bases (cri,c)ceC'» of a-?" resp. (o'j,d)d6C'' 
of b-^ as in theorem i/Z, 1., then the matrix z^'^{P{cFi_c,Oj,d))ceC'^.<iec^,ie{i....d{c)},je{i....d{<i)} is holomorphic 



and non-degenerate on X . 

These sections can be developed as sums of elementary sections and formula (3.4) can be applied. The restriction 
of the entries of the above matrix for d = —a to the subvariety I?/ takes a particularly simple form, namely: 



z-'"P(a,,c,a,-d)|i,, 



if c 7^ -a, 

z-«'P(A(cr,,c, c), A(aj- _c, -c)), if c = -a. 



Thus the matrix (z "'P(A(cri^a, a), ^((Tj._a, ^a)))i.j=i,...,d(a) is holomorphic and non-degenerate on Ovi ■ There- 
fore the pairing 

P : H(/)e2^.e. ® j*7^(/)e-2-- ^ z'"Ov,_ 

is non-degenerate. It follows that (H{ 1), H '(1)k., V, P) is a variation of TERP-structures of weight w. This 
finishes the proof of part 1 . of theorem |3.5| . 

The first statement of part 2. is that for any I C [, the same construction yields a bundle H{I) which underlies 
a variation of TERP-structures on D"^. This is proved exactly as in part 1., it only uses the tameness of the 
original variation of TERP-structures along the divisor D\ Uie(\/ in -'^\ Uie;\/ ^i- 



The second statement is that this limit variation of TERP-structures is tame along Di\Dj. This follows from 
the tameness of the original variation along the "other" components of the divisor, i.e., along UiG/\/^'' vlS^s 
remark 3.1, the formula es;(A, a) = es;\/(es/(^, a), a) and the construction in part 1. 

In a similar way the third statement, i.e., the compatibility of these constructions for /, J C /, /, J ^ 0, ID J = 



can be shown using remark 3.1. We leave the details of the second and the third statement to the reader. □ 



In the second part of this section we give the proof of theorem 3.7. We will identify the various objects appearing 
in [Moc07, theorem 12.22] with data defined by a tame variation of TERP-structures on Y. Ultimately, we show 

that the limit object considered in loc.cit. (which is called (BaS^^'^-^{E)) is the twistor i/(Z) appearing in theorem 
3.7 , which therefore underlies a polarized mixed twistor structure. This will show most of the statements of 
this theorem. 



Let us first briefiy recall the main objects and results appearing in | Moc07 , theorem 12.22] 



Definition-Lemma 5.2. Let {E,d,9,h) be a tame harmonic bundle on Y. Consider the OcCy" 
C'cC^"«)p"^C""(£;), where p : y ^ Y is the projection. Let £ e VBy be the kernel ofd + zO : £' - 
Then for any a £ 11^, define the extension 



{s e # ^£ 



eO(nkr^-°') Ve>0}. 



-module £' := 
£'®OcA^\ 



(5.1) 



is/ 



(recall that j^'^^ -.y ^ X). It follows thatri-a£ = a.-i£, which endows a£ with an Ox-module structure. For any 
z € C*, the restrictions a.£^ '■= jlia£) cire Ox-locally free extensions of jl£ over (z, 0), where jz ■ {z} x X ^ X 
( l^ocO'^ , theorem 8.59]). However, a^£ is not Ox-free in general. The system (aiS'^)a6E,' locally abelian 

parabolic bundle on {z} x X in the sense of d efinition , |^. j| . The operator zd -\~ 9 defines a z-connection on a£^ , 
which has a logarithmic pole along {z} x D f ^MocOl , lemma 8.88]). We obtain a tuple of commuting residue 
endomorphisms ri^zd^ -\~ 0^) on the graded object Gra(a^^^) for any a G Mf (which is O-prlocally free). 
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Denote by (Ba^aGvudiS^) the generalized common eigenspace decomposition (the eigenvalues are constant, 
jMocOt 8.84J). Define 

KMSS{£',1_) := {(a, a) e (R x C)' | dime {^cGr^{^£')) 7^ 0} 

to be the Kashiwara-Malgrange-Sabbah- Si mpson spectrum of £^ and by m(a, a) dime (EQ,Gra(f^)) 
the multiplicity of the spectral element (a, ct) f ^ocOO , 8.8.4])- There is a '^''-action on KMSS due to 

m(a, a) = m(a + k, a - z • k) Vk e Z'. 

The behavior of the KMSS-spectrum for varying z is described as follows ( ^ocOl , lemma 8.108]): For any 
z € C the bijective map 



t{z) : (R X C)' 
(a, a) 



(R X C)' 

(aj + 23?(z • aj), aj — aj ■ z ■ 



(5.2) 



restricts to a bijection from KMSS(£'^, Z) to KMSS(£^, Z), preserving the multiplicities. 



In the following lemma, we show that for a tame harmonic bundle defined by a variation of pure polarized 
TERP-structurcs, the objects introduced above simplify to a large extent. 

Lemma 5.3. Let (H, H^,V , P,w) be a variation of pure polarized TERP-structures on Y and suppose that the 
associated harmonic bundle E :~ T[\{o}xY tame along D. Then: 



1. The variation of twistor structures constructed from the harmonic bundle E in )Moc07, 11.1] is the bundle 
H, equipped with the horizontal parts of the z-connection in each fibre -ff|{z}xy; CLnd the pairing S from 
definition 2.4. In particular, the sheaf £ from above is isomorphic to Ti.. 

2. The KMSS-spectrum satisfies 

KMSS(£:M) = {(a,-z-a) £ (R x C)' | Gra(af °) 7^ } . 
In particular, the eigenvalues of the Higgs fields 9q^ G £ndQY{£ / z£) are all equal to zero. 

3. The variation H is tame along D in the sense of definition \3. 4 

Proof. 1. This is clear from the definitions, by comparing with the formulas in |Moc07, proof of lemma 11.2] 
for the connection and |Moc07, lemma 11.9] for the pairings. 

2. On each slice {z} x Y with z 7^ 0, the connection operator d + z^^O gives a flat structure on £\^^^y^Y^ 
and the extension \^£'^ has a logarithmic pole along {z} x D. The residue eigenvalues at {z} x £), on 



Grb(b^^^) are equal to Uj 



07 • z for some (a, a) € KMSS(f°,i), due to formula (|5j). It 



follows that the eigenvalues of the corresponding monodromies around the divisors {z} x Dj are of the 



form exp(— 27ri(aj 



Uj ■ z)). However, as we have £\c,*y.Y = 'H', all these flat bundles form 



an isomonodromic family, so that the monodromies are constant, namely, they are the endomorphisms 
Mi € Aut(i7°°) considered at the beginning of section H. We conclude that the eigenvalues are constant, 
and thus aj = for all j G Therefore, only pairs (a, — za), where a G C such that Gra(ai^^°) 7^ appear 
as elements of KMSS(fM). 

As an easy consequence, we obtain that all eigenvalues of the monodromies Ali are elements in S^ , as they 
are exponentials of the values Oi, where a G C C R' is a vector such that Gra(a^^°) 7^ 0. 

As we have seen in part 2., the eigenvalues of the residue endomorphism riVn on a£'' jri ■ a£'' are indepen- 
dent of z G C* and contained in —C^. This yields a£\G*xx — aV. Thus a.^\c*xx — sl£\c*xx by definition 
of the sheaf a.^|c*xx (see definition |3.2| ). In order to show = a£, and the local freeness of these 
sheaves, we proceed as in [HS07, lemma 6.11, 4.]. We already know that a-?^|A'\({o}x_D) — ai^^|A'\({o}xn)- 
If (a, 0) ^ KMSS(5°,;), then af is C^-locally free by |VIoc07| proposition 1.11]. Suppose therefore that 
(a,0) G KMSS(£°,i), then there is eq G R'>o such that (a + £,0) ^ KMSS(£°,i) for aU e G R'>o such that 
£ < £0- Then si+e£ is locally free and moreover, as a+e£\x\{{o}xD} - aJ^\x\{{o}xD), we have a+e£ — a^J^ 
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by | 3er66 |. It follows that g^S C a+e^ = a^- However, this is true for all e with < e < eo, i-e., any 
section s £ aJ^ satisfies |s|p*/i € 0(nig/ \'ri\~'^~^~°'*) for all (5 > and all e G (0,£o]. This is exactly the 
defining property of so that we obtain s G a^- Hence = a£ is locally free and the variation 
{H, H^, \/,P,w) we started with is tame along D. 

□ 



In particular, this lemma shows that for a pure polarized variation of TERP-structures the notion of tameness, 
as introduced in definition 3.2, coincides with the notion of tameness of the associated harmonic bundle, which 
justifies our terminology. 

The next step is the discussion of the limit objects constructed from the sheaves a£- In |Moc07, 8.9.1], for any 
(a, a) € KMSS(£°,Z), the vector bundle -G{a.a) S VB-Pi is defined. It is characterized by the property that for 
any 2 G C, {-G{a.a))\{z}xDi = IE7 Grc(ci^^^), where (0,7) = 6(z)(a, a). If the harmonic bundle E is defined by 
a variation of pure polarized TERP-structures as above, then 6(z)(a, a) ~ (a, — za), as we have just proved. 
It follows that on each Gra(a^^^), there is just a single generalized common eigenspace of the operators r^Vri, 
namely the one associated to — za. Therefore E-^a Gra(ai^^^) is identified with Gra(a^^^)- This implies that 
~G{a,o) is simply the quotient Gra(ai^^) = Gra(a-?^) which is locally free over Op, by theorem 4.2 and lemma 5.1 
2. 



The limit objects S^^'^-^{E) in | Moc07 are obtained by gluing the bundle -G{a.o) with a similar quotient bundle 
on P^\{0}. The next lemma describes this bundle in the current situation 

Lemma 5.4. Let (iJ, iJg, V, P, w) be as above, and {E,d,9,h) the associated harmonic bundle. Consider also 
the harmonic bundle {E,d,6,h) on Y. Then: 

1. There is an isomorphism 



here S'^ G ^^pi\{o})xy sheaf constructed from {E,d,9,h) on Y in iMocO^'i , 11.1.1] and Vy : Ti. 

Ti. (8) z^^fly^i^ is the horizontal part of the connection operator on Ti. 



2. The bundle j*j*Ti., where j : P^ — > P^, j{z) = —z, underlies a variation of pure polarized TERP-structures 
of weight w on Y , which is tame along D <Z X . 



3. The limit object from f^ocO% 11.2.3] is equal to j* Gv -a{-aT{j*^*n)), where hJ^{j*"f*n) 



de- 



notes the extension over G x X of order b of the variation j*7*7i from 2. 



Proof. 1. The flat real subbundle of H' induces a real structure of E (denoted by k in |Her03, theorem 
2.19]) which defines a complex conjugation on sections of E. This gives a complex conjugation on which 
interchanges d and d resp. 6 and 9 (due to the compatibility of the real structure with the hermitian 

metric). Moreover, 7*(£', d + z9) = (7*^', d + z~^9), which yields that 7*^ — f^. On the other hand, we 
already know that {H, Vy) = {£,d + z^^9). Hence 

7*(7i,Vy) ^7*(£,9 + z-i0) ^ (£\d + z9). 



2. That j*j*Ti underlies a variation of TERP-structures of weight w on y is immediately clear. Moreover, 
it follows from 1. that this variation is pure polarized, namely, its corresponding harmonic bundle on Y is 
{E, d, 9, h). This harmonic bundle is obviously tame along D, as {E, d, 9, h) is tame along D. Hence the 
variation of TERP-structures j*'j*'H is tame along D. 



3. The sheaf j* Gr_a(-a-?^(.?*7*^)) is C>(.^^Aocal\y free due to 2. and theorem For each z G P^\{0}, 

\{z}xT>i definition equal to E_ 



the restriction i^l_aO))\{z}xD, by definition equal to E_^a Gr_a(-af ■^) (by [ |Moc07| , 11.2.1, 11.2.3] 
and the same argument as above, i.e., the special behavior of the KMSS-spectrum for £t in the current 

:j*Gr_a(_a^(j*rH)) . 

□ 



situation), so that -Qj 



i-aM) 
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Proof of theorem 3/j_. Part 1. has already been shown in lemma In order to prove the remaining parts of 
the theorem, we will show that for any r e D;, there is an isomorphism of twistors 



"^(Dlpixjr} - ® '^{'a.O)('^|,r-i(r))' 



(5.3) 



3d Z' 



where "S"^™ o) (^|7r"^(r)) defined in |Moc07, 11.3.4]. As in loc.cit., we will make the assumption that Di ~ {0}, 
so that actually we have to show that = ©a mod 'S'^^a o) (-^) ■ R-ecall that S^^^q-^{E) is obtained by gluing 



-^(a,o) with -^La 0) via the gluing map 



[-^^(a,0)]|c. 



^[-ro,°(*(;,o))^^ 



'(-a,0) 



|C* 



Where the maps : i^(a,o)W ^ [^^(a^o)],^. resp. : ^^^f^a^o) (^^) ^ [-^?-a,o 



[Moc07, 10.4]. Moreover, there is an identification 



(5.4) 



are defined in 



-^^(a,0)W ^-^^/_a,0)(^^)' 



(5.5) 



so that the composition $|^"a'o) ° (*^(a'o)) ^ well-defined. It turns out that in the current situation we have 



7^'(?)e2,ria, 

Gra(aV) = Gra(a^)|C- 



r Gr_a(-aV) = r Gr_a(-a^(j*7*H))|C., 



and that the identification (5.5) is just the map 

T : H'{1% 



which is induced by the original map r : Ti.' 

n{i), 



and 7*H(i)e-2 



— > 7*Hg_2,ria- The twistor TL{l)^2„i,^ is obtained by gluing 
via this new morphism t. Thus we get an isomorphism of twistors 



Next we have to identify the pairings and the nilpotent maps. Mochizuki establishes pairings on -CJu, essentially 
via (3.4). In our situation, this boils down to the pairings S which are induced on 7i'(i) from those on TL' . The 



pairing 5* in |Moc07, theorem 12.22] coincides with S on 7i(l). 



In jVIocOTj 11.3.6] the morphisms TVf : S'(a,o) ^(a.o) ® OpiC^"(l, 1) are defined via extension of the nilpotent 



parts of the residue endomorphisms {iz) ^[zr^V^ ]. The nilpotent parts of the residue endomorphisms [zr^-V^ ] 



correspond by formula ( ^.9| ) to z^^. Therefore the pull back of M-^ to H' {V} is equal to The tuple 



Ni 



Moc07, theorem 12.22] thus corresponds to the tuple (■^, . . . , |^) 



Theorem 12.22 in |lMoc07| says that (S'^'^a o) (^)' ^) ^ polarized mixed twistor of weight in I variables. 

By definition | |Moc07 , definition 3.50] this means that for any a £ (11+)' and iVa := 12jei '^J-^j tuple 
('S'(a,o) J , -S*) is a polarized mixed twistor of weight and that the weight filtration W is independent of the 
choice of a e (11+)'. This includes that the maps zA^a and z~^Na extend to {0} x £)/_ respectively to {oo} x Dy 
and that they have everywhere the same Jordan normal form so that together they give a global weight filtration. 
As a c onclu sion, we obtain part 2. of the theorem, and also part 3. Finally, part 4. is an easy consequence of 
lemma 2.10. □ 
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6 Rigidity 



As an application of the discussion on extensions of TERP-structures, we prove here a generalized version of 
a conjecture of Sabbah co ncernin g the rigidity of integrable variations of twistor structures on quas i-projec tive 
varieties. It was stated in [ Sab05 , conjecture 7.2.9] for non-compact curves, but using the results of | Moc06 |, we 
can actually prove it in this more general situation. We show the corresponding statement for TERP-structures, 
the original formulation in | Sab05| can be easily obtained by a slight modification of our proof. 
A quite simple but essential ingredient is the following lemma. 

Lemma 6.1. Let, as in section ^ X ^ A", Y = (A*)' x A""' and D = X\Y. Let {H,H^,V,P,w) be a 
variation of pure polarized TERP-structures on Y, tame along D. Let K, := Ti/zTi. Consider the parabolic 
filtration on ji^^ IC (where j^"-* :Y'^X), defined, analogously to formula (5.1) by: 



\s\k€0(\J\r\ 



V£>o 



for any a £ R-, where h is the hermitian metric induced on K. by z^^" P{— , t— ) on p^Ti. Then the endomorphism 
14 := [^^Vj] G Endoy{JC) is compatible with this parabolic filtration, i.e., for any a G IR^ it extends to an element 
in Endox {aK)- 

Proof. This is a direct consequence of the results of the preceding sections: Recall that we defined := 



,•(1) 



(2) L-. 

ji^'aV n 'H e VBx- By lemma ^^we have that 

V : a^ — ^ ® z-^n]^ {logiV U ({0} X X))) , 



in particular, {z'^V z){a.^) C a-^- By lemma 5.3, 3., we have the equality 
aK, = a^/z ■ aJ- , SO that wc obtain lA{aK) C aK, as required. 



^E, from which it follows that 

□ 



The following theorem is the generalization of | Sab05 , corollary 7.2.8] to the higher-dimensional quasi-projective 
case. 

Theorem 6.2. Let X be a projective manifold and Y := X\D where D is a divisor with normal crossings. 
Let {H, H^,\7 , P,w) be a variation of pure polarized TERP-structures on Y, tame along D, and denote by 
{E, d, 9, h) the corresponding harmonic bundle. Then there is a decomposition of -bundles E = E^ © E^-i 
where E^ resp. E^-i underlies a variation of pure polarized Hodge structures of weight w resp. w — 1. 



Proof. The variation of TERP-structures {H, H^,V , P,w) corresponds by [Her03, theorem 2.19] to a CV0- 
structure. The latter consists of the harmonic bundle E enriched by the endomorphisms Q e Endc^^ (C°"(£')) 
and the real structure give n b y r subject to a couple of compatibilit y cond itions, from which we quote only the 
following ones ((xl) and (6^) are called integrability equations in ||Sab05| ). 



D'{U) 
h{U-,-) 



[e,u] = 0, 

= h{-,TUT-), 
tOt = '9, 



D"{U) = 0, 

D'{Q) + [9,tUt] = 0, 

h{Q^,-)^h{~,Q-), 

Q = -tQt. 



(6.1) 
(6.2) 
(6.3) 
(6.4) 



Consider, as before, the bundle K- ~ H/zH G VBy and the extensions aK G VBx- By MocOE , proposition 5.1], 
any aK is a /ii-polystablc Higgs bundle {L being some fixed ample line bundle on X), and we have a canonical 
decomposition 

(aK,9)9i®H,{aK^,9^)<E>CP' (6.5) 

where each aKi is a /i^-stable Higgs bundle, and any two {aKi,9i) and {aKj,9j) are non-isomorphic for t ^ j. 
In particular, {aKi,9i) is simple, i.e., any Higgs endomorphism respecting the filtration ,Ki of aKi is of the 
form Ci ■ IdiCi with c; G C. (This follows from a standard argument: By loc.cit., lemma 3.10, any non- 
trivial endomorphism is actually an isomorphism, which makes Endox [aKi) into a skew field which is a finite 
dimensional C-vector space as X is compact. Any such isomorphism is then necessarily a multiplication by 
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a constant for otherwise it would generate a commutative and finite dimensional subalgebra of Endo-^{aJCi), 
i.e., a proper algebraic field extension of C, a contradiction). By restriction to Y , we obtain a decomposition 
{lC,e) ^ ©™i(/Ci,6',) (g) CP- and similarly a decomposition C''"(£') ^ ©™iC""(£'j) (g) C^' of the corresponding 
sheaf of Cy"-sections. Moreover, proposition 5.1 of loc.cit. also gives that the hermitian metric h decomposes 
as ft. = X]i=i ® where gi is a constant hermitian metric on C'. This implies that the (l,0)-part D' of 
the Chern connection decomposes as D' = i D'^ (g) d, where D'^ : C'^iE,) -> ^''{E,) ® A]f . Notice that it 
follows from equation ( |6^ ) that 9 = X^I^Ii *8) /dc ^ • 

Consider U and := tUt as elements in Endc'p {C"""" {E)) . It follows from the previous lemma that U is an 
endomorphism of the /xl- poly stable Higgs bundle JC, so that it decomposes as U = Yl^i ^'^c<"'(£;i) '^Ui, where 



Ui € EndciGP^)- The first part of equation (6.3) shows that U = J2i=i Idc<^'^{Ei) ®Ui, Ui being the adjoint of Ui 
with respect to gi. It follows that the commutators [D',U] and [9,U] vanish so that the integrability equations 
( |6^ ) reduce to 

D'iQ)=0 and 9^[9,Q], (6.6) 
and by adjunction with respect to h we also obtain 

D"{Q) = and 9 = -[9,Q]. (6.7) 



The remaining part of the proof is exactly the same as the proof of | Her03| , lemma 3.4 and theorem 3.1], where 



the stronger assumption of U ~ was made. For the readers convenience, we briefly recall how to obtain the 
desired conclusion. First define the following real analytic bundles on X: 

C^iEPj^-P) := KEr{Q~aId) , E^ := ^^EPj^-p 



Moreover, we put 



Ker{Q — {p — 



^)id) 



E, 



w — l 



©pP,w~ 



q,w—l — q 



From the equations (6^) and ( ^.7| ) we deduce that the bundles FP resp. Ff^_^ are holomorphic (for the 
operator D" + 9) and satisfy Griffiths transversahty, i.e., VJF^ C TP~^ ®VLy resp. C JF^Zi^f^y, where 

V is the integrable operator V = D' + D" + 9 + 9. From the second part of equation (6.4) we deduce that 
TKer{Q - a Id) = Ker{Q + ald). Using that for any a e R\ + Z) , the equality 







w + 1' 






( 


a 4 


2 







1 



- (w-p) 



holds, this implies E^j'' 



Ew ^'^ resp. Ef^'^^ ^ p = E'^_l , which yields the desired result. 



□ 



As an application, we obtain a generalization of [ EIS08 , corollary 4.5]. Notice that the reasoning is completely 
different, namely, we do not use the curvature computation of loc.cit. 

Corollary 6.3. Let H be a variation of pure polarized TERP-structures H on C", tame along P"\C". Then 
it is trivial, i.e., Vx(W) C Ti, for all X E p^^Tcn, where p : C x C" C" is the projection. If H is regular 
singular (then by proposition 3.8 tameness follows as soon as we suppose that H is pure polarized), then the 
period map C" — > MWI, which will be defined in section 9.1, is constant. 



Proof. Let Y := <C" C X = P", then the assumptions ensure that p^,H underlies a tame harmonic bundle on 
Y. The last theorem gives that it also underlies a sum of two variations of pure polarized Hodge structures. 
A classical result (see, e.g., [CMSP03, 13.4.3]) shows that the corresponding period maps to the classifying 
spaces of pure polarized Hodge structures are constant, which implies that 9 = 0, so that the variation of 
TERP-structure itself is flat in parameter direction. The last statement follows directly from the construction 
of the period map in lemma 9.4. □ 
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7 The compact classifying space 



The fact that special members of famihes of regular singular TERP-structures can have different spectral 
numbers than the general member of the family is reflected in the geometry of classifying spaces of such TERP- 
structures. We construct and study in this section several versions of these classifying spaces. In all cases, 
the topological data of a family of regular singular TERP-structures are fixed. If we fix moreover the spectral 



pairs (as introduced in definition 2.7) and a corresponding reference regular singular mixed TERP-structure, 
then all possible regu lar sing ular TERP-structures with th ese data are classified by a complex manifold Dbl, 
which was defined in |llcr9£ | and further studied in [HSOSj. It has the structure of an affine fibre bundle over a 



complex homogeneous manifold Dpmhs parameterizing certain Hodge type filtrations. More precisely, Dpmhs 
contains an open submanifold Dpmhs which parameterizes polarized mixed Hodge structures with the same 
fixed topological data from above, in particular, with a fixed weight filtration. Passing to the induced filtration 
on the graded parts of this weight filtration defines a structure of an affine fibre bundle Dpmhs ^ Dp^s^ 
where the latter is a projective manifold (the product of classifying spaces of Hodge-like filtrations). This map 
restricts to Dpmhs DpHs, and DpHs is a product of classifying spaces of pure polarized Hodge structures. 
The following diagram shows how these manifolds are related. 

Del — * DpMHS — > Dphs 
U U U (7.1) 

DbL * DpMHS ^ DpHS ■ 



We refer to Her99 | and |HSOS, chapter 2] for more details about these classifying spaces. DpL carries a 
tautological bundle C e ^^cxDbl of regular singular TERP-structures, i.e., £|(Cx{a;} is the TERP-structure 
which corresponds to the point x € Dbl- ^ underlies a family of TERP-structures in the sense of definition 



2.1 



but not a variation in general. 
In order to capture the jumping phenomena of the spectrum as seen in the examples in section |[ we will 
construct a new classifying space which parameterizes all regular singular TERP-structures where only the 
range for the spectral numbers has been fixed. We will sec that this is a projective variety and that it contains 
the classifying spaces Dgi for fixed spectral numbers as locally closed subvarieties. It also contains other strata, 
these correspond to families of TERP-structures with fixed spectral pairs, but where no element is mixed TERP. 
All along this section, we fix the following topological data: a real vector space of dimension /x, equipped 
with an automorphism M G Aut{H^), an integer w and a non-degenerate bilinear pairing S : x R. 
S is required to be invariant under M, and to have the following symmetry property: Denote by H°° the 
complexification of H^, by the generalized eigenspaccs of M, then S is (— l)'"'^^-symmetric on -ff^„ ^n and 



(-1) '"-symmetric on H^^^^^ where, as before H^^^^ ■= ®^rsX=oH^ and H^^^^ := ©argA^oi^r- By PS07 
lemma 5.1], these data correspond to a fiat vector bundle H' e VB'^, with a flat real subbundle of maximal 
rank, and a flat (— l)"'-symmetric non-degenerate pairing P : Ti' ® i*Ti' Oc* which takes values in i^R on 

We denote, by abuse of notation, both of the two inclusions C* ^ C and P^\{0} ^ P"'^ by i, and similarly by i 
either of the two inclusions C* ^ P^\{0} or C ^ P^. We consider the Delignc extensions V"', V^" C i*W as 
defined in section Wc also consider the corresponding Deligne extensions Va,V^a C i^Ti' at infinity, where 
the indices are chosen so that they form an increasing filtration. Finally, we work with the meromorphic bundles 
Y>-co ^ i^TY', V^oo C i*7i' and with the sheaf i^V-^^°° n i^.V<coo (here the intersection takes place in 
where i : C* ^ P^), which is an algebraic vector bundle over C*. We write W for its space of global sections, 
then 14^ is a free C[z, 2;~^]-module of rank /i. Denote for any a,/? € C the intersection i^,V°' D i*V/3 S VBpi of 
subsheaves of i^,T^' by (and similarly V^^", V^p etc.). For any a > /3, we have the following exact sequence 

^ ^ V,^ /Kf " ^ (7.2) 

Obviously, V>°' is semi-stable of weight -1, so that ff°(P\V„>") = 7Ji(P\y„>") = 0. This implies that we 
have a canonical isomorphism from Wj^ := H'^{P^^V^) to the skyscraper sheaf V^/Vj^" (which we identify 
with /V^°'). This isomorphism will be used implicitly many times in the sequel. The restriction of P to 
can be written as 

P = ^ P^'^'^z^ : W ® j*W C[z, z-i] 
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In particular, pC^') is (— l)'^+'"'-synimetric and induces a pairing 

pik) :WS<E)Wl^^ <50,fc-aC (7.3) 

which is non-degenerate for a + (3 = k. For any fixed a,/? G C with a < /3 and a + P = k, we obtain a 
non-degenerate (— l)"'"'"'^-symmetric pairing 

P'-''^ -.Wli^WI^ — (7.4) 

which is the sum 



E 

7e[Q,/3] 



We choose ai € C satisfying the following conditions: e^^Trioi jg required to be an eigenvalue of M and ai < ^. 
Then we put w — ai > ^ > cti and ri [a^ — aij > 0. 

The classifying space we are going to consider in this section will represent a certain functor of families of 
TERP-structures with trivial monodromy in parameter direction. We first define this functor. 

Definition 7.1. Fix , S, M,w, ai or the equivalent data H' , H^,\I , P,w,ai from above, and consider the 
Deligne extensions V" and V^" of H' . Define the functor Aig^ ,S,M,w,a ^^^j^,^ denote usually by AAbl */ 
no confusion can occur) from the category of complex spaces to the category of sets by 

Mbl{X) := [{C,ip)\CeVBc'ycx,^:i*C^{p'YH',{z''ip*V,)CcC, 
ip* P : C® i* C z^Ocxx is non-degenerate, 
£ C as subsheaves of iJ*C = i^tp^^ {{p')* H')^ 

here p : G x X G resp. p' : G* x X ^ G* are the projections and i : G* x X ^ G x X is the inclusion. For 
any morphism f : Y X of complex spaces and any element C £ AdsLiX) we set A^bl (./)(£) /*(£, </')• 

One easily checks that this is a functor which has the property of being a sheaf for the classical topology. Notice 
also that by definition, for any X, and any (£, ip) e Mbl{X), the sheaf £ underlies a family of TERP-structures 
on X in the sense of definition 2.1. In order to study this functor, we will compare it to some other functor 
which is easier to understand as it is simply a closed subfunctor of some Grassmannian. We define it in several 
steps which corresponds to the conditions imposed on the elements oi AisLiX). 

Definition-Lemma 7.2. Consider the fixed data , M , S , w, ai from above as well as the various Deligne 
extensions and the associated (finite dimensional) spaces W^. Then W^^_i is a symplectic vector space with 
respect to the (class of the) anti- symmetric form P^^~^\ we denote this form by lo and write := W^^_i 
for short. In particular, the dimension dimc(M^") is even, and denoted by 2m. Moreover, define nilpotent 
endomorphisms 

I '1 [j^^^j } e i^r^rfc(M/-) = Pndc(^"V^>"''-')- 

For any complex space X, consider the Ox -locally free sheaf :— ®c Ox of rank 2m. {W'^,uj) is a 
symplectic bundle over X, with Ox -linear operators a and b. 

Let QimjW^) be the usual Grassmaniann functor, seen as defined on the category of complex spaces. More 
precisely, for any complex space X , let G{m, W''^){X) be the set of rank m locally free subsheaves Q of that 
are locally direct summands. Clearly, if f :Y —f X is a morphism, then G{m, W'^){f){G) := f*G. Consider the 
following closed subfunctors: 

Lg{W^){X) := {g eg{m,W^)iX)\iU\g ^0} , 

cgb{w^)ix) := {gecg{w^){x)\b{g)cg}, 
cga,biw^)ix) := {gecgb{w'^){x)\a{g)cg} 
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These functors are represented by complex spaces G(to, VF'^), A(W^"), Ai,{W'^) and Aa.biW'^), respectively. The 
first two of these spaces are complex homogeneous, in particular, smooth, and all of them have the structure of 
a projective variety. 



Proof. That oj G {/\^ W^)* defines a symplectic structure is an immediate consequence of formula (7^) by 
putting a := ai, /3 := — 1 and k = w—1. Moreover, both z- and z^V^ map V" to T/"+^ and especially leave 
Y>a^-i invariant, therefore b and a are well-defined and nilpotent. 

Concerning the second part, first notice that again all of these functors are sheaves of sets for the classical topol- 
ogy, hence, the universal property needs only to be checked locally. That the classical Grassmannian G(m, W^) 
represents the functor C/(m, W^) is well known. The subspace A(VF") := {L C \ = and dimc(i) = m} 
(sometimes called Lagrangian Grassmannian) represents CQ{W^) and it is known that it is complex homoge- 
neous (in particular, smooth projective). Finally, for any vector space Y and any endomorphism A g EndciY), 
the subspace in G{1, Y) of A-invariant l-dimensional subspaces is easily seen to be closed, hence, the spaces 
Ai,{W'^) := {L e A{W^) I b{L) C L} resp. Aa,f,(W^") := {L e Ab(H/") | a{L) C L} arc closed subvarieties of 
AiW^) and represent CQbiW^) rcsp. £5a,b(W^"')- □ 

In order to make use of these simplified functors, we have to compare them to A4 bl which is our primary object 
of interest. This is done by the following theorem. 

Theorem 7.3. The natural transformation <I> : Mbl > ^Ga,b{W'^) which sends {C,ip) E AiBiiX) to 

G CGa,b{W'^){X) is an isomorphism of functors. Hence Mbl is represented by Aafi{W^), which 
we denote by Mbl- 

Proof. First let us check that $ is indeed well defined: Wc have that p*V^°'^'~^ is a subshcaf of C by lemma 



2.8. Moreover, C/p*V^°''' ^ C p*{V°'^ /V^°''^ ^) by definition, and the latter sheaf is isomorphic to W^. For 



any x E X , the proof of lemma |2.8| shows also 

>C|cx{.} = e v>-°^ I p('"-i)(/:|cxM,'T) = 0}. 

Therefore C\cx{x}/V''"'^'^^ C is a lagrangian subspace. With the lemma of Nakayama one 

obtains that C/p*V^°'t^~^ is a rank m locally free subsheaf of and is locally a direct summand. Because 
of P('"-i)(/:,>C) =0, it is an element of CG{W'^){X). Finally, the b resp. a-invariance follows directly from the 
fact that £ is an Oc-module resp. from {z^ip*Vz)C C C. 

In order to show that $ is an isomorphism, let us define an inverse. For any complex space X, write tt : 
^ p*(yai/y>a,,-i) foj. ti^g projection. Let G S CGaAW^)iX) be given, write fc : AT ^ C x X and 
consider C := 7r^^(fc*CJ). Then i*C = i*p*V°'^ = {p')* H' , and this defines the isomorphism ip : i* C -+ {p')*H' . 
Put '^{G) ■= ('C,(p). We have to show that this gives an element in AiBL{X). 

All the properties to be shown are local, hence we can restrict to the case where X = {X, x) is a germ of a 
complex space. First, C\(Cfi)x{x} is C{2;}-free of rank fi, and a basis vf, v^ of it is also a C{z}[z~-'^]-basis of 
(]/>~°°)q. Furthermore, one can choose m elements crj G ^\{c,a)x{x} (j = Ij -.-Trn) such that they represent a 
basis of G\{x} = '^\cx{x}/y^°'''~^- Any sections vi, ...,t;^ S Cq with Ui|(c,o)x{x} = vf are an Ccxx,(o,x) [z"^]- 
basis of {p*V-^~°°)o by the lemma of Nakayama. Therefore they generate a free Ccxx,(o.a;)-module of rank p 
called Cq. Obviously £q C Cq. In order to see the inverse inclusion Cq G C'q, consider m sections aj G C'q which 
extend the ctJ. By the lemma of Nakayama they generate a rank m free submodule of ^ which is a direct 
summand, and which is contained in G- Therefore it coincides with G, and thus C'q D Cq- This shows that C 
gives a vector bundle on C x {X, x). 

The a-invariance of G translates into the fact that the connection (^*V has a pole of order at most two along 
{0} X X on £. What remains to be shown is that ip*P has the correct pole order properties on £. This will 
complete the proof, as 'J is obviously an inverse for $. Consider ip* P as a pairing 

ip*P = J2 P^^^""^ ■ P*V>-°° «) j*p*V>-°° ^ Ocxxiz''^]- 
fcez 

This induces a pairing P : C ® j* C C'cxx[z"^]. We have to show that P'-'^'-'^^C, C) = for aU fc > 
and that P^™) induces a non-degenerate pairing [p("')] : C/zC ® C/zC — > Ox- For the first point, notice that 
we have P^'^~'^\C,C) = by construction, as uj^g ~ 0. Moreover, the linearity of P implies P^"'~'^)(a, 6) = 
pw-i(^^k-i^^ 6) for any two sections a,b £ C and k G Z. This gives the vanishing of p(™-'^') on £ for fc > 0. 
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For the second point, consider the space . Again by formula (7^), we obtain a symplcctic form uj' induced 

by the class of p('"-i) on W^y\ The subspace G' ~ + iK;"^ (£/V>"")|{a;} C M^a^"^ is again 

lagrangian with respect to lu' . Now suppose that there is a e C\cx{x}\zC\cx{x} such that p("'^(a, C\cx{x}) = 0. 
Formula ([z!^ shows that there exists some a £ such that a - a G V^"'^ C z£|cx{2;} and p('")(a, L) ~ 0. 
This imphes z~^a e 2~^'C|Cx{a;}\'C|Cx{K} and w'(2~^a, G') = 0. The first property gives z~^a ^ G", the 
second property and the maximal isotropy of G' imply z^^a e G'. This is a contradiction. Therefore P^*") is 
nondegenerate on C\cx{x} / zJ^\Cx{x} and thus also on C/zC. 

□ 

As a piece of notation, for any complex space X, we write \X\ for the underlying topological space, so that 
X = {\X\,Ox) as ringed spaces. We will use this in particular for X = Mb l, n otice that it can happen that 
Mbl has a non-reduced structure, as shown by the first example in subsection We also write C € VBcxMbl 
for the universal sheaf of TERP-structures on Mbl, i-e., {C, f) G M.bl{Mbl) is the image of idj\/^^ under the 
isomorphism Horn cpixSpi'^, Mbl) — *■ -Mbl- By the above construction, this universal sheaf is explicitly given 
as £ = T^'^^ik^.Q), where Q is the restriction of the tautological bundle on the Grassmannian G{m,W'^) to the 
closed subspace Mbl and tt and k are as above for the special case X = Mbl- In section |[ we will also need 
to consider the space Ab(VF"), then the same construction yields a universal sheaf C G 1^5cxAb(H'") which has 
all properties of a family of TERP-structures, except that the connection operator Vz may have a pole order 
higher than two along {0} x AhiW^). 

The next lemma shows a case in which Mbl has particularly simple structure. 

Lemma 7.4. Suppose that n ~ [a^ — ai\ — 1. Then we have Mbl — Ab(VK'^) = A^W^), Mbl "is smooth in 
this case. 

Proof. It follows from zV>"''-'^ ^ \/>"m-i and (z2V^)y>"^'-2 C V>"'--'^ that both b and a vanish on 
Y>a^-2 ^Y>af,-i ^ The condition of the lemma implies that V"'^ C y>"''~^ so that b and a vanish on , 
which implies Mbl = A(Ty^). □ 

The next step is to understand the subspace of Mbl of regular singular TERP-structures with fixed spectral 
pairs Spp = J2a i '^i'^' ' i'^, ^ ^ We will define a subfunctor of A4bl of such families, and we will 
prove that it is represented by some complex subspace Ugpp of Mbl ■ It turns out that Ugpp is locally closed in 
Mbl, and the spaces |J7spp| form a s tratifi cation of lAfsij. Some of these strata, but usually not all of them. 



are the classifying spaces Dbl from pSOSj , section 2] 



The definition of the spectral pairs Spp{x) = j d{a, l){x) for the regular singular TERP-structure C^c^^^y 



for X G [Msil in definition 2.7 can be rephrased as 



a[a, l)(x) = dime ■ 



Gr^ n Wi_(^^_i-)WS + Gr^ n M/i-i_(,„-i) W^^ 

Here is the weight filtration of the nilpotent cndomorphism (the logarithm of the unipotent part of the 
fixed automorphism M G Aut{H^)) acting on W^, centered at 0. 



We first define the functor ?7spp alluded to above. For any complex space X, we will use, as in definition 7.1 
the pullbacks under p : C x X ^ <C resp. p' : C* x X ^ C of the flat bundle H' and of the Deligne extensions 
and For simplicity of the notations, we write V" := p*V°' and := p*l/>". 



Definition 7.5. Fix the data H^,S,M,w as in definition 7.1 and fix moreover a tuple Spp of spectral pairs 
such that there is x G \Mbl\ with Spp(x) = Spp. The functor U^^^ ,S,M,w,ai ^g^^ jgy. short) from the category 
of complex spaces to the category of sets is defined by 

UsppiX) G AIblWI Spp(.T) = Spp Va;GX, 

V(a,0: V"ng,V>"ngG VBcxx, Gr^^G VBx, Gr^ G nWi_^^_,)W^ e VBx, 



Gr^ z£nM/,_(^_i)M^^ + Gr5£n 



G VBx and its rank is d(a, I) 
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We have the following (not so surprising) statements about the functor Uspp- 

Theorem 7.6. Each stratum |C/spp| is the set of points of a complex space C/spp with the following properties. 



It represents the functor Ugpp of families of TERP-structures with constant spectral pairs in definition l.L, it 
carries a universal family, and the canonical map Ugpp — > Mbl is a locally closed embedding. 



Proof of theorem \7.q . As for Grassmannians, Mbl can be covered by open affine subspaces, each related to a 
TERP-structure with a fixed basis, and each consisting of TERP-structures with bases obtained by deforming 
the given basis. In fact, the choice of a basis could be reduced to the choice of an opposite filtration in H°°, 
but here we stick to the more explicit bases. 

We will first construct an affine chart of Mbl together with its universal family. This will be done without 



using the correspondence of lemma 7.3, in other words, we will directly describe the universal family of TERP- 
structures. Then an affine chart of Uspp can easily be described as closed subspace of this affine chart of Mbl, 
and hence we obtain a universal family on C/spp- 

Write Spp = J2j=iil3j'h) "^'^^^ ^ Pi < •■• < /^m < Choose x e Mbl with Spp(a;) = Spp. Choose 
an M^-invariant common splitting of F*H°° and W,H°°. Choose a basis 61, of H°° which respects this 

splitting and such that bj corresponds to the spectral pair ((3j, Ij). This means that 

and that the classes of those Sj with Ij) ~ {a, I) form a basis of 



Gr^ n Wi_^.^_,^WS + Gr^ n Wi.,_^^_,^WS ' 



Now we define (finitely many) variables c|^'' for i,j g {1, and p g IN with Pj — p > ai and make the 



Ansatz 



The requirement is that (vi, ...,w^) shall be a basis of the restriction of the universal family C of Mbl on a yet 
to be determined affine chart of Mbl- This chart will be defined by the (analytic) spectrum of the quotient of 
C[c|j^] by the ideal generated by polynomial equations between the c[j^ which are defined by the properties of 
the pairing P and pole of order at most 2. 
The pairing P gives the equations 

= P'^''\v,,Vj) for \2ai] <k<w-l 



) = anyway for k < \2ai'] because of mM) 



Remember that z^V^Sj = /3j • zsj + ^^^f and = ®k,p:pez,ak+p=aj+i ^ ' -^^^fc- Using this, one finds 

unique coeflicients jlf{q > 0),4''V > 1) ^ with 



This gives the equations 



J, 9 j,r 



Now the affine chart of Mbl we are looking for is Specan (C[c|j'']/(P'^'^-' {vi, Vj), f^'j"*)) and wi, t;^ form a basis 
of the universal family C of TERP-structures on this chart. 

Of course, a; is in this chart, and the numbers c|^''(a;) satisfy c^^'' (x) =OforQ!j— p< a^, i.e. v^cxix} — Si G V-^"'. 
The subfamily of TERP-structures with spectral pairs equal to Spp is simply obtained by the additional equa- 
tions 

c^f = for aj - p < ai, 

c^^^ = for aj — p = ai and Ij > li. 
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This defines an afRne closed subspace of ttie affinc cliart of Mbl- 

One obtains a locally closed (but most often not closed) subspace [/spp of Mbl- The restriction of C to t/spp 
is the universal family of TERP-structures with fixed spectral pairs, and hence U^-p-p represents the functor 
Z^Spp. □ 



The next result is more surprising than theorem 7.6, and illustrates that the spaces Dbl behave better than 
an arbitrary stratum J/spp- 

Theorem 7.7. Suppose that the spectral pairs of a stratum t/spp coincide with the spectral pairs of a certain 
classifying space Dbl- Then C/spp ~ Dbl o,s complex spaces, in particular, C/spp is reduced and smooth in this 
case. 

Proof. The first part of the proof shows |C/spp| = \Dbl\, the second part discusses the complex structures. 
First part: Suppose that we are given two regular singular TERP-structures with the same topological data 
and the same spectral pairs Spp, where one is a reference TERP structure whose filtration F' (see definition 



2.7) is part of a PMHS, whereas the other one is arbitrary and induces the filtration F* . We have to show that 



the second TERP-structure is an element of the classifying space Dbl defined by the first one. 



From the construction oi Dbl as a bundle over Dpmhs [Her9£] it follows that it is sufficient to show that F' lies 
in the classifying space Dpmhs which contains F'. The definition of Dpmhs was rewritten in [HS08| lemma 2.5 



(i). We refer to the notations used in loc.cit. That the conditions N{FP) C FP and those concerning S (for 



with w — 1 instead of w, for with w) hold is clear from the construction of F', sec |HSO^, definition 

2.3]. It remains to show that for any eigenspace H^, the conditions concerning N, F* and the primitive part 
Pi C GrJ^ hold, namely, 

dimPPPi = dimPPPi, F^N^Pi = N^PP+^Pi, PP Gi^ = FPN^Pi+2j- 
Notice that these conditions are closely related to the strictness of the powers of N. 

Recall that the spectral pairs consist of finitely many sequences of pairs (a,w — l + k),(a — l,w — 1 + k — 
2), . . . , {a — k,w — 1 — k). Each sequence corresponds to one Jordan block of A/. We can read off the dimensions 
dim Gr^ and dim Pi from the second entries of the spectral pairs only. 

To show the above conditions, we will work inductively. We fix A, i.e. we consider only a with e^^'^'" = A. 
Consider the set of sequences where —2-a + (w — l + k) is minimal and choose a sequence in this set where k 
is maximal. Then 

^ F^'"-°'i Grf and = ^^L'"-"+i-jJ Gr^2j for aU j e Z. 

Choose an element vi € fL-^-^J Grf H^\{0}. Then also N^{vi) G Gr^2i are non-vanishing for j = 0, 1, . . . , fc. 
They must correspond to some spectral pairs where the second indices are w — 1 -I- fc — 2^. But we know more, 
they actually correspond to the spectral pairs in the sequence which starts with (a, w ^ l + k), this follows from 
N{FP) C PP~^ and from the vanishing property from above. This gives strictness of the powers of N with 
respect to vi. 

Now by dividing out the subspaces C • N^vi) from the spaces Gr^jj can erase this sequence of spectral 
pairs and consider the next one. We obtain in the quotients by the subspaces C • N^{vi) an element V2 and 
images N^{v2) which correspond to the next sequence of spectral pairs. It is possible to lift V2 and all N^V2 
to elements V2 and N^{v2) such that they still correspond to the next sequence of spectral pairs. Here one has 
possibly to adjust a first lift of V2 by a multiple of a suitable image N^{vi). By induction, the strictness of all 
powers of A'' and the equalities above concerning TV, Pi and P* can be proved. 



Second part: We will show that the main work has actually already been done in [Her99, chapter 5] and | Her02| . 



proof of theorem 12.8]. In |Her99, chapter 5], the fibers of the bundle ttbl ■ Dbl Dpmhs are analyzed. This 



is done for Brieskorn lattices, but these are Fourier-Laplace dual to TERP-structures, and everything in loc.cit. 



can easily be rewritten with TERP-structures. In this language [Her99, chapter 5] does the following. 

For a fixed filtration F* S Dpmhs families of TERP-structures inducing this filtration considered. An Ansatz 

is made as in the proof of theorem [7.6| above to construct a universal family. As F' G Dpmhs , the sections sj 
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can be chosen to have very good properties with respect to P, F' and N^. Then it is shown that the equations 
from P and z^V z yield a smooth complex space T^gl^iF*) isomorphic to for some Ni G IN. By construction 
it represents a functor of families of TERP-structures with fixed filtration F* , which is defined analogously to 
the functors Uspp. 

In [Her99, chapter 2] the spaces DpMHS £^re constructed, but as homogeneous spaces, not as spaces representing 
a functor of families of PMHS-like filtrations with fixed spectral pairs. In particular, p3er99 , chapter 2] does 
not discuss local coordinates for the smooth spaces Dpmhs- Though this is done in |IIer02, proof of theorem 
12.8]. It is easy to lift that discussion to a proof that Dpmhs with its smooth structure represents a functor of 
families of PMHS-like filtrations with fixed spectral pairs. 

One can combine the discussions in | Her99 , chapter 5] and | Her02 , proof of theorem 12.8] in the following Ansatz 
similar to that in the proof of theorem |7.6| , in order to show that Del represents the functor lAs-pp- 



First choose s; G W^.' as in | EIer99 , chapter 5], fitting to F*. Make the Ansatz 



dp) 



P=/3i 



for the family of filtrations and the Ansatz (generalizing that in |Her99, chapter 5]) 



- E 

j,p:p>l,l3j-p>f3i 



for a basis of sections of a family of T ERP-st ructures . The conditions for the Vi from P and z^Vz contain the 
analogous conditions for the Si, and by |HS07, lemma 5.7] these are equivalent to Nz{FP) C FP~^ and conditions 



for F* from t he pair ing S from | HS07, form ula (5.1)], alluded to in definition 2^. Therefore, combining the 
discussions in |]Her99 , chapter 5] and | Her02 , proof of theorem 12.8], one obtains a smooth affine chart of Del 
and a (restriction of a) universal family on it. Consequently, Del then represents the functor Z^spp- We leave 
the details to the reader. □ 



Remark 7.8. The closed embedding Del ~ ^Spp ^ Mel factors through Mg^j^, as Del is smooth. For any 

component of M"^^, there exists a tuple Spp of spectral pairs such that U^^'^ is the generic stratum. Then Uc^'^ 



Spp 

Subsection 9.i gives an example 
where the generic stratum is a space Del and where Mel is not smooth on \Del\ C Jil/si]. 



is open in (this component of) M''g^ , hut ?7spp is riot necessarily open in Mel- 



8 Hermitian metrics and G^-action 



In this section we define and study certain subspaces M^^ resp. K^{W^) of Mel resp. Ki,{W^) which we 

"^pp 

^BL 



call pure polarized. This is reminiscent to the subspace IJ^gj^ oi Del considered in [EIS08|. Using the twistor 



construction, we obtain positive definite hermitian metrics on the tangent sheaves of these subspaces. The first 
main result of this section is that the induced distances are complete. This is in sharp contrast to the distance 



on the space D^ej^ (see the example in the end of section 4 of ] HS08| ) and motivates the construction of the 



compact classifying space Mel- In the second part, we study the action of a discrete group on M^j^ under 
the condition that there is an M-invariant lattice in the vector space we started with. This will yield 

quotients M^j^/G'z and [ID el H M^j^)/Gi,, which are well suited as targets of period maps of variations of 
TERP-structures over non-simply connected parameter spaces (see subsection |9.5| ) 

Let us first give the definition of the pure polarized parts of Mel and AbCW^). The universal locally free 



CcxMst-module C underlies a family of TERP-structures on Mel- The construction in definition 2.4 yields 
an extension to a real-analytic family of holomorphic P^-bundles, denoted by £. Similarly, we obtain a locally 
free OpiC^^^j.^^^-module C (remember that C was the universal sheaf on C x Ab(VF'^) constructed in the same 
way as the sheaf £ on C x Mel)- For each x G IMbl] resp. x G ]Af,(Ty^)], the anti-linear involution r acts 
on ff°(P-'^,>C|pix{2:}) resp. i/°(P^, £Jpi^|^j). It induces a hermitian form /i(— ,— ) := z^"'P( — ,t— ) on these 
spaces (which takes values in C). 
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Definition 8.1. Define the following suhspaces o/|A/bl| resp. |Ab(VF")|. 

\MIT\ ■■= e \Mbl\ I ^|cx{..} = O^.} , |A,(W^-r-| := [x G |A,(W^-)| | - O^^,} , 

W^bl\ — e |Af|^';f"| I h is positive definite on iJ"(pi, £|pix{x})} , 

|Af (M^'^)l := |x G |A,,(W^'^)P'"-'=| I /i is positive definite on i/"(pi, £Jjpi , 

All of these subspaces are endowed with the canonical complex structures defined by the restriction of Ombl 
resp. OA,(vy-). 

Lemma 8.2. Mg^j^"^ and Af,{W'^)^'^^'' are complements of real-analytic subvarieties, the pure polarized parts 
M^j^ and A^^{W'^) are unions of connected components of these complements, and we have the following 
characterization of these subspaces. 

(8.1) 
(8.2) 
(8.3) 
(8.4) 

Proof. As C resp C depend real- analytically on the parameters, and as triviality of vector bundles is an open 
condition, the first statement is clear. Equation (B.l) follows directly from lemma 2.5, 5., and the same argument 
also gives equation (^.2|). The remaining equations (B.3) and (8.4) are then obvious. □ 

For fixed spectral pairs Spp, we recover the pure polarized part of Dbl as D'^j^ = M^j^ n Dbl- We put 
C^^ :— P*J^\rixM'"' S V^iJ^pp resp. C'p :— K-C'ipi xapp(w''^) G ^^a"''(H''^)' by definition these sheaves come 
equipped with positive definite hermitian metrics defined by h. 
Considering the tangent maps of the closed embeddings 

Mbl ^ G{m, W"^) and AbiW^) G(m, W^) 

gives inclusions 

and similarly (fc')H.6Ab(w^) C Tlbmoj,^^ ^^^^ (£', 2^"£'/£'), where k : Mbl ^ C x Mbl, x ^ (0,x) resp. k' : 
Ab{W^) C X Afc(W^"), X ^ (0, x). Moreover, we have splittings k-^{OcCl'}„ ®C) = ®k-^{OcCl'l„ (zC)) 

resp. (fcO^Ht?cC°?P(^.)®£0 ='C'^^®(^0"H^^cC°?P(,^.)(z/:')) (these are equalities of qjip^ resp. C^i^^^y 
modules). This yields 





= {xe \Mbl\ I 


h is a non-degenerate on H^(F^ , C\pix{x} 


|Af,(M^")P"'-^| = <j 


xe \Abiw^)\ 1 


h is a non-degenerate on i7°(P^, £'pix|^j 




^[xe \Mbl\ 


1 h is positive definite on H^{P^ , C^-pix{x} 


\Ai^iwn\ = 


{xe\At{wn\ 


h is positive definite on i/°(P^, £|pix|^| 



Cm- ® ©M- C ^mc-„ {C'p,(B:=,z--C'p) resp. 

which defines positive definite hermitian metrics (both denoted by h) on resp. G^pp^^yc^j. Here positive 

definite means that for any point x G resp. x G |A^^(VF")|, the induced metrics on the fibres 

©A/gi'^/ma.eMgp^ resp. eAPP(Ty-)/m:i;QA^''(M'-), 
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i.e., on the Zariski tangent spaces of resp. A^^{W^) at x, are positive definite. Consider the linear spaces 
T^/pp^ resp. T^ppf^^r^-^ associated to ©A/g*^ resp. QaI''{w^)j which are the unions of the Zariski tangent spaces 
at all points of resp. |A^^(iy")|. The hermitian metric h defines length functions Ih : Tj^fpp R>o 



resp. Ih ■ Tfi^pp(^w") ~* K,>o. Following |Kob9S, section 2.3], these length functions define by integration of 
piecewise C^-curves distance functions, both denoted by dh on resp. A^^(VF"). Notice that the fact that 

M'^j^ resp Al^{W'^) may be non-reduced does not affect this construction, as the linear spaces T^jy/pp jred resp. 
T^^pp^jyu^-jred are contained in ^a/Jp resp. r^pp^^^i^). By definition, the distances dh are inner distances (see 
cit.loc, proposition 1.1.8 and chapter 2.3), so that they induce the standard topology of lA^^^^I resp. |A]^^(W^'^)|. 
In particular, they are weakly complete, that is, for any point x £ l-Mfjil resp. x £ |A^^(M^'^)|, there is an 
e € Ryo such that the closed ball B'^'-{x) is compact in IM^^ | resp. in \Kl^{W'^)\. 

We are going to show that the distance d^ on |A^^(M^'^)| is in fact strongly complete, that is, that there is a 
uniform e with this property. For this purpose, we will construct for any L S |A^^(W^)| a metric embedding 
of |A^''(VF")| into a larger space |A|^P(VF|^)| and show that all |A]^P(W]^)| are isometric. This will prove that 
|A|^''(Vl^'^)| is strongly complete. It follow s that |Mj^^;^ | is strongly complete, as it is a closed subspace of 
|A^^(W^'^)|. By standard arguments (see |Kob98 , proposition 1.1.9]), a strongly complete space is Cauehy 



complete, i.e., any Cauehy sequence has a limit. 

Consider, as before, the free C[2;, 2;~^]-module W :— i/°(P^, n i*V<oo)- The anti-linear involution 

T : H' 7*7i' extends to n i»y<oo and therefore defines an anti-linear automorphism of W. As we 

already remarked in the last section, the pairing P is defined on W. We obtain a pairing Sw WxW ^ C[z, z~^] 
by putting S'i4/-(— ,— ) := z~™P(— ,r— ). It satisfies Sw{a,b) = —Sw{za, zb) = —Sw{z~^a, z~^b). We write hw 
for the hermitian pairing W x W ^ <C defined by composing Sw with the natural projection C[z,z^^] C 
onto the z°-component. For any L € |A^^(iy^)|, we write L'^p for the fibre of {Cy^ at the point L. The purity 
of C' on A^^(VF") gives that we have a decomposition W = ©igzz'L^^', which is /ivi/-orthogonal (notice that h 
equals Sw and hw on L^^). 

Definition-Lemma 8.3. For L e \Al^\W'^)\ put 

n~l 

z~"C[z]L"P n z"-iC[z-i]L"P = z'^L^^ = z"" (l © M^<<^^~^) n z"" V (l © M^<^""^) C W. 



Then C . p('"-i) is non-degenerate on W^, and we write as before A{W'^) for the Lagrangian Grass- 
mannian of half- dimensional subspaces of on which lu = [p('"~i)] vanishes. Similarly to the situation 
considered before, we define 

\A,{Wt)\ {GG|A(M/-)| |6(G)CG}, 

|Af (I^i)l := {G e \At,{W^)\ I hw is positive definite on G'p] . 

Here G'^p := (G © z"C[z]L''p) n r(G © z"C[z]L"p) C W for any G g \Ab{WI^)\. These spaces are equipped with 
canonical complex structures, as they are defined as subspaces of a Grassmannian. Again we have the universal 
sheaves G G VBj^pp^w^) (where G^g = G), K. := {tt^)-'^ {k^ G) e VB^^/^pp^w^), where : Al^^W^) ^ 
€xAlP(W^),x^\o,x), 



■ - "OcxAr(H/") ® ^ — ^^-T^ - Oapp(w^) ® z'^L'P 



TT : z 



\k— — r, 



and IC^P e ^^a"''(W'^) (with /Cj^^ = G'^p). The latter sheaf comes equipped with a positive definite hermitian 
metric, which induces a hermitian metric hL on the tangent sheaf Qfi^pp(^<^y We write dh^ for the induced 
distance function on \A^^{W'^)\. 

Proof. The first statement simply follows from the fact that by construction, we have W"^ C z~"C[z]L*p and, 
consequently, W>~^ C t(z-"+iC[z]L"p) = z"-iC[z-1]L''p for any L € AfP(IV"). Moreover, P^"") is non- 
degenerate on L^P, so that p("'-i) : z'^L^p x z'-^L'p C is non-degenerate and thus it induces a symplectic 
form on W^. 
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Notice that by the same argument as in the proof of 8.2 (that is, essentially by lemma 2.5, 5.), the points 
of |A^''(W]^)| parameterizes those 6-invariant subspaces G £ |A(VF]^)| such that G*^ defines an extension of 
G © z'^C[z]L^P to a trivial (algebraic) bundle over P^, on which the pairing hw is positive definite. 
The hermitian metric on the tangent sheaf of A^^{W'^) is defined as before: From the definition of K, we know 
that 2;"C'cxAJ''(W'-) ^ ^ JC, hence z^"C'cxAP''(w^) ® L'^^ <^ z~^"/C (as subsheaves of the CcxA|;''(H'£') [^"""^1" 
module V^~°°). This yields an inclusion 

which defines the hermitian metric on ^yYPP(•^yt^) (denoted by h^) by restriction. □ 
Lemma 8.4. Let Li, L2 G |A^'''(VF")| . Then there is an isomorphism A : L^^ s- Lf^ which induces an isometry 

: (|Ar(M^rjl,4.J ^ (|Af (W^]^J|,4.J. 

Proof. Choose bases w_i of L^i and W2 of such that T(wj) = w_^ and z^"^ P{w^^ ^w_j) = 1^ (i = 1,2) and 
define A by putting A{w_-^) := Wj. From W = (Bi^i.z^L'^^ we see that A can be extended z-linearly to an 
automorphism of W which respects both P and r and thus also Sw and hw- In particular, A{W^^) C W']^^, 
and as A*ijj = w we obtain an induced mapping $^ : Af,(W|^^) — > Ah(Wj^,J. From A*hw = hw we conclude 

that <i>A : A|^''(W]^^) A^^'C^Lj)' ^'^'^ ^^'^ definition of the hermitian metrics of these spaces gives that is 
an isometry. □ 

Lemma 8.5. For any L £ AfP(W^'^), there is a canonical closed embedding 

which sends A^^(M^'^) to A^^{W'^). Moreover i*]^hL ~ h and consequently i*]^dh^ < dh- 
Proof. We define iL{G) (G ® W^^^~^) n W^. Then the image of iL is given as 

Im(zi) = {g C Kb{Wt) I Wt n M^^^"'' C g} 

which shows that it is closed, an inverse map is given by G i-^- G := G n VF". That iL{Af{W^)) C Af{Wl^) 
follows from the fact that {iL{G)y^ = G^^ . Finally, for any ^ £ 6APP(vy'-), we have 

\i\h = \{^LUi)W 

where {il)* '■ ^ap''{w^) *Z^®Ai''(W£')®'-^A^''(H'") the tangent map. This follows directly from the definition 
of the hermitian metrics h and h^: Consider the diagram 



n „ In / ^ 



then it follows from ij^^lC^P = C^p that g is simply defined by g((/)i, . . . , 0„) := (0i, ...,(/)„, 0, 0). In 
particular, the two metrics induced from JC^p and are compatible and therefore i*j^hL = h. □ 

With all these preparations, we can state and prove the following theorem, which is the first main result of this 
section. 

Theorem 8.6. The distances dh on \A^^{W'^)\ and |M|^^| are strongly complete, and so are the induced 
distances on the closed subspaces \Uspp H M^j^\ for any fixed spectral pairs Spp. 
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Proof. As M^j^ and C^spp H Af^^ arc closed analytic subspaccs of A^^{W'^), it is sufficient to prove the com- 
pleteness of the latter. We have to show that there is an e > such that for any L £ \A^^{W'^)\, the closed 
ball B^''{L) C |A^^(VF")| is compact. Using the closed embedding il : Aj^^(VF'^) ^ Aj^^(VF^) and the estimate 
^L^/ti, < dh of lemma ^.Sj it will be sufficient to show that there is a uniform e, such that for each L € |A]J''(W^")|, 

st'^^'iL) C |A^^(H^|;)| is compact. For any L g |A^^(VF'^)| there is an el e ]R>o with this property (this is 



exactly the property of being weakly complete, always satisfied for locally compact spaces), but by lemma |8^ 



all spaces |Aj^(VFj^)| are isometric, so that el does not depend on i. □ 

Notice that the result applies in particular to the partial compactifications -Dbl H M^j^ of the pure polarized 
classifying spaces D^j^ from |HSOS|. 



In order to obtain a suitable target for period maps of variations of TERP-structures over non simply-connected 
parameter spaces, we have to study quotients of the classifying space by certain discrete groups. First we 

consider the real Lie group Gr := Aut(_ffjj^, S, M). 

Lemma 8.7. Gr acts on Mbl, this action respects the strata f/spp o-'^d their closures C^spp- It acts by isometrics 
on M^j^ and on the intersection C/spp H M^j^, in particular, on Dbl H J^d^j^. 

Proof. We first describe how to define the action of on Mbl- Consider for any f3 £ <C the isomorphism 
fjoo ^ p^JJ^^ gjyg^ ^ Ea6[/3./3+i) esa, where esa : H'^ ^ is defined hy A ^ here 

g-27r,a ^ ^ rpj^gj^ ^ knt{H°°) acts on any and thus on = ®k(^^z^W^^^ and on = W^a,!-i- 

This action commutes with the endomorphisms h and a. As Gk respects the bilinear form 5, the action on 
respects the pairing P and the symplectic form w, which yields an action on K{W'^). It induces an action on 
Mbl and an equivariant action on the universal sheaf C. We see that the l/-filtration is stable under Gr, so 
that the spectral numbers do not change under this action (neither do the spectral pairs, as Gr respects M and 
thus TV), which gives that G]a(J7spp) C J7spp- Moreover, both the involution r and the pairing P are respected 
by Gr, so that we obtain finally an action on M^j^ and a compatible action on . The hermitian form h is 
GR-equi variant, and so is the induced form on C^JW (XiO^v^pp . From this we conclude that Gr C Isom(|M|^^|, dh) 

and Gr C Isom(|C7spp n Mbl|, 4)- □ 

From now on and until the end of this section, we make the following additional assumption which is virtually 
always satisfied for variations of TERP-structures defined by families of geometric objects: There is a lattice 
C such that M G k\xi{H^). Then we put Gz := Aut(iJ|=, S", Af). In this situation, we have the 
following result. 

Theorem 8.8. Gz acts properly discontinuously on M^j^ and on U^-p-p H M^^ so that the quotients M^^/G'z 
and {Uspp(^M^j^)/Gz have the structure of complex spaces (this holds in particular for the spaces D bl^M^j^). 
M^j^/G-z resp. {U spp C] M^]^)/Gz are normal if M^j^ resp. UsppC] M^j^ are smooth. 



Before entering into the proof of this theorem, we state and show the following simple fact. 



Lemma 8.9. Consider the free <C[z, z ^-module W, and letv^^'' andv^'^^ be two bases ofW such thatvf' £ 



for i £ {1,2} and all j £ {!,..., /j.}. Then the base change matrix between v^^^ and w^^^, i.e. the matrix 



71 fl 



M £ Gl{p., €[z, z^i]) satisfying w^^) = w^^U/ can be written as M ^ J2 M'-^^ z^ , where A/C") £ M{pL x ^, C). 

i — — 7lfj, 

Proof Choose a C[z, z-i]-basis £ {Wl^^+i^ of W, then we have matrices Mi £ G1(m, G[z, z~^]), {i = 1, 2) 
with coefRcients in C[z]<„ such that vj-^^ = w'"' • Mi. This implies that det(Afi) = cz*-' for some c G C* and 
k £ {0, . . . , IJ-- n}. It follows that the coefficients of M^^ are in ©fegzn[-/i n./i (ri-i)]C2;*'' and the assertion of the 
lemma is a consequence of vj-'^'> — v'"^'> ■ Mi^ ■ M2. □ 

Proof of the theorem. We fix once and for all a basis A of which realizes Gz resp. Gr as subgroups of 
Gl(/Lt, Z) resp. Gl(/x,]R). We will show the following fact which impfies that Gz acts properly discontinuously: 
For any compact set K C |Af^^| the set 

{a e Gz I a{K) D K 7^ 0} 



37 



is finite. As Gz is a discrete subgroup of Gr, it is equivalent to show that the set 

{a e Gr I a{K) n A- ^ 0} 

is compact. This can be reformulated by saying that there exists R > such that for all a S Gr with 
a{K) 7^ and aU i,j e {!,..., /i} we have |a^''*| < R, where a'""* G Gl(Ai,Il) is the matrix of the 
automorphism a with respect to the fixed basis A. We denote by s = (si, . . . , s^) € W^j^+i the basis which 
corresponds to A under the isomorphism es. Then for any a G Gr, the induced action on W^^^i is simply given 
by s i-^ s • a'""* . 

Consider the hermitian bundle G VB^jVp and denote by UC^p the total space of its associated bundle of h- 

orthonormal frames. The projection tt : UC^ — ^ -^^bl is proper (with fibres isomorphic to U{fj,)). It follows that 
TT^^{K) is compact. Now we fix any element w^^^ G tt~^{K), and write vj^^ = s-T for some F G G1(/j,, C[z, 
Let v^-^\v'^^'> G 7r^^(i4r) such that there is a G Gr with a{vj^^) = v'^^K Then by lemma ^.9| there exist matrices 
M(i) = Efe=-p„A^fc'^2^ and M(2) = E^:!_^„ Mf such that = v^^)M<^^^ and = z;(o)m(2). This 
yields 

The coefficients of the matrices M^*^ are bounded by the compactness of Tr^^{K), this implies that the coefficients 
of a™"* are bounded by some positive real number R, as required. 

It is obvious from the proof of the last lemma that the action of G^ on Mbl respects C/spp, so that it acts 
properly discontinuously on U spp n . □ 



9 Examples and Applications 



In this final section we first discuss in some detail the geometry of several examples of the classifying space AIb l 
or of Mg'^f. This illustrates the behavior of the families of TERP-structures at boundary points, in particular 
the jumping of the spectral pairs. At this point it seems rather unclear which kind of varieties can appear as 
these classifying spaces. We calculate in particular the limit TERP-structures on the boundary strata, and 
discuss the it*-geometry as well as the relation to the cl assif ying spaces Dbl- In most of the examples we care 
only about MgJ^. Only in the first example in subsection 9.2 we care about Mbl and indeed find Mbl ^bl- 
Finally, we use all the results proved so far to give some applications for the study of period maps associated 
to variations of regular singular TERP-structures. 



9.1 Smooth compactifications 

In this first example the compact classifying space M bl (w ith its canonical complex structure) is smooth, namely, 

A4, A2 = A3, M{Ai) := e~^'^'"'A,;, where we choose ai and a2 with 
—ai. Moreover, we put w ~ and 



it is the whole Lagrangian Grassmannian (see lemma 7A). Consider the following initial data: 



Ai := Bi + iBi, 
— 1 < ai < q;2 < 



A2 
_ 1 
2 



:= B2 -f 
and as 



iBs, Ai = 
- —0:2, 0:4 






V71 





-72 

72 





-71 \ 



where 71 := 
Let Si 



-1 

4-n- 



r(a2 + l)F(a3) (so that S{Ai,Ai) = 2^71 and S{MiAl) = 2^72)- 



^T{ai + l)r(a4) and 72 := 
2;"' A, then the relation between the pairing S and the pairing P as expressed by [HS07, formulas 
(5.4) and (5.5)] yields that 



We define Ti 



^lO^iVi, where 



Vl 
U3 



Si 
S3 











1\ 








1 








1 








VI 








0; 




V2 




s 


! 


Vi 




s 



PZ "S3 



S4 



38 



Then (H, H^,\7 , P,w) is a variation of TERP-stmcturcs of weight zero on C'^ with constant spectrum Sp = 
(ai, . . . , 014). It is in fact the universal family of the classifying spac e D bl associated to the initial data 
Ih°°,H^,S, M, Sp). The induced (constant) filtration (recah definition is 



{0} ^F^ CF" := €Ai © CA2 C F-^ = H° 



from which one checks that {H°°, H^, S, F*) is a pure polarized Hodge structure of weight —1. Thus Dpmhs = 
DpMHS = {pi} Enid Dbl = Dbl in this case. The situation is visualized in the following diagram, where each 
column represents a space generated by elementary sections (that is, a space isomorphic to = V" /V^"). 




In this example it is quite easy to describe the space Mbl'- As [a^ — aij = 1 we have by lemma "LA that 
Mbl = HW^-i. [^^"'^]), where [p(-i)] = [z-^Si]* A [si]* + [z-^^]* A [^2]* e K\W^l_^r . Using the Phicker 
embedding, one checks that this Lagrangian Grassmannian is a hyperplane section of the Pliicker quadric in P^, 
i.e., a smooth quadric in P^. Such a smooth quadric is isomorphic neither to P'^ nor to P^ x P^. It is also clear 
that Mbl is indeed the closure of the three-dimensional affine classifying space Dbl considered above. The 
stratification of the boundary of Mbl is as follows: Mbl\Dbl ~ Usp^ where Sp2 = (q!i,q;3 — 1,q;2 + 1,Q;4), 
Usp2\Usp2 = t^Spi, where Sp^ = (a2,a4 - l,ai + l^a^) and Usp^XUsp^ = Uspo ^ Uspo {pt}, where 



Spq = (q3 — 1, q;4 — 1, ai + 1, q;2 + 1). In all cases we have dim(t/sp; 



Let us describe these strata with some more details: We have Ugp^ = = Spec <C[x,y], namely, the universal 
family is H^^^ = ©f^iCc^wf ^ where 



(2) 
„,(2) 



Si — XS2 
ZS2 



yz "S4 



(2) 
^2 
„(2) 



z -'-S3 + xz -'-S4 

S4. 



This is shown in the following diagram. 
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by 






-1 (2) 

:= X vl 


~(2) 
«2 


-1 (2) 
:= X V2 


~(2) 
«3 




~(2) 
W4 


(2) 



The induced filtration F* has changed, it is now given by 

{0} ^F^ CF° CAi © CA3 C = 

One checks that this is stih a pure Hodge structure of weight —1 on H°°, but the Hodge metric has signature 
(+,-,-,+). 

The conipactification Usp^ can be calculated in a rather direct way. Namely, we take the basis w*-^-* of the 

/(2) 

p, given uy 

— 9 (2) ^1 —9 —1 

— y ■ X ■ V2 = X Si — 32 — yx z 

(2) (2) 

xwg — y?;4 = zsi 

(2) 

= S3 
(2) 

For a fixed parameter w S C, consider the restriction ^|j,_j„3,2^q ^-^q which has a basis 

/~(2) ~(2) ~(2) ~(2)\ / -1 _i -1 -1,-1 \ 

[V{',V2 ,V^\vy] = [X S1-S2-WZ S3,X Z S3 + Z S4,ZSi,S3j. 

This family extends to a: = 00, namely 

These extensions are pairwise non-isomorphic for different parameters w, so that the closure Usp^ is isomorphic 
to P(l, 1, 2) = Proj C[X, Y, Z], where dcg(X) = 1, dcg(y) 1 and deg(Z) = 2 and where the embedding into 
the compactification is given by 

C/sp, ^ C7sp, C Mbl 

{x,y) ^ (l,x,2/) = (X,r,Z). 
An explicit calculation using the Pliicker embedding 

Gr(2, W^) ^ V{AF - BE + CD) ^ Proj C[A, B, C, D, E, F] ^ Proj Sym* {A'^{W'^)) 

shows that Usp^ is the variety V{AF - BE + CD, D + C,A) d P^, which gives again that Usp.^ = P(l, 1, 2). 
It follows that the boundary Uspr,\Usp^ is isomorphic to P(l,2) = P^. In particular, the interior C/gpi of this 
boundary is isomorphic to C, with the universal family given by 7i'^^ = ©iLi^C^^i^'' 
(1) I -1 (1) -1 (1) (1) 

This situation looks as follows. 
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Now the filtration is 

{0} = C F° := <CA2 e CA4 C F-^ = H°° 

which is again pure of weight —1 but not polarized, the hermitian form has signature (— , +, +, — ). 
Finally, the stratum Usp^ = {hm^^oo^'^'} is the single TERP-structiu-c Ti'"' = ®j^iOcvf^ where 

(0) -1 (0) -1 (0) (0) 

vl := z S3 ; V2 ■= z S4 ; 173 := zsi ; .— zs2 

and the associated filtration is given by 

{0} = C F" := C^3 ® CA4 C F-^ = H°° 
which is pure of weight —1, and the hermitian form is negative definite. 

The following is a brief description of the tt*-geometry on the different strata Usp.- The simplest one is the 
zero-dimensional stratum Usp^'- Its single TERP-structure is generated by elementary sections, and we see that 
it is pure but not polarized, the hermitian form h on Ti^"' is equal to the Hodge metric on H°° , which is negative 
definite. 

The universal family 7i^^^ on Usp-^ is actually a sum of two TERP-structures, namely the one generated by 

v^"^ and ^4^^ and the one generated by v^^ and Wg^' . The latter is generated by elementary sections and is 
pure but with negative definite hermitian metric on the space of global sections, the former is pure outside 
the hypersurface \w\ = 1 and polarized for < 1. The two-dimensional family Ti^^-* is pure outside the 
real-analytic hypersurface D = {|y| = jxp + 1}, we have 

and the hermitian form h has signatures (H \ — ) resp. ( ) on {|?;| < jxp -I- 1} resp {\y\ > |xp + 1}. 

The following picture visualizes the situation. 
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From these observations we see that the pure polarized part Af|^^ is contained inside the generic stratum Db l 
of Mbl and then it follows that it must be relatively compact in Del, for otherwise theorem [3.7] would give 
that there is a pure polarized point in the boundary Mbl\Dbl = C/sp, (note that for any curve approaching 
a boundary point through D^j^, the limit is necessarily a pure polarized TERP-structure, as the corresponding 
monodromy is reduced to the identity so that the weight filtration appearing in theorem 3.7 is trivial). 
Moreover, the fact that the filtration F* = ({0} = i^^ C = GAi © C^2 £ p-^ = H°°) gives rise to a PHS 
shows that M^j^ is non-empty, as it contains the origin r ^ p = q = Q m Dbl == '^^ Mbl- 



In the second example of this subsection, the compactification A/^j"^ is also smooth although ?i = [a^ — aij > 1 

^0 -TT- 

,7r2 



(here we consider only A/Jj^*, not Mbl)- Let := M.Bi © RB2, S{B*'',B) = n ) • ^ reference Hodge 



structure of weight one is given by 

{0} ^ C F^ ^GA = F(J = Fo° C F^^ := H°° 

where A_:= Bi + iB2- Indeed, we have F^ © = F^ ®fI^ FI^ Q)fI = H°° and p-^^-^^ S{A,A) = 
-iS{A, A) = 2S{B2, Bi) > (Note that the isotropy condition S{FP, F'^~p) = is automatically satisfied as S 



is symplectic). The classifying spaces Dpmhs £ Dpmhs arc well-known (see, e.g., [ Sch73 , §5]): Dpmhs — 
and DpMHS = H. A point {x : y) E corresponds to the filtration given by F^ := <C{xBi + 2/-B2), so 
that F* = (1 : i) e H C P^ The complement Dpmhs\Dpmhs is the union H U Pjg C P\ where the 
points of the real projective line are non-pure Hodge filtrations, whereas the points in H are pure but the 
Hodge metric h := — iS'(-, ")|/f2,-i ^^2,-1 © iS{-,')\H-^-^xH-^-^ is negative definite. The pairing P is given by 
P{si, Sj) = {-ly+^zS^+j^s, where Si := z^^'^A and := z^/^A 

We put w = 2 and a = — then the classifying space F)bl associated to the spectrum (ai,Q;2) = f) is 
the total space V(£) of a fine bundle E over Dpmhs^ the universal family over a fibre 7r^^(^'*) = Spec C[r] of 
the projection t^bl ■ Dbl ^ Dpmhs is given by 



Oc2 z'/^Ao 



where F' = ({0} C F'^ = CAi = F" C F^^ = GAi © C^2 = H°°). For any such family, letting r tend to 
infinity yields the limit structure Q := Hr^oo = Ocgi © Cc52, where gi = z^l'^A\ and g2 = z^^"^ A^. The 
stratum at infinity is ?7(-i a-j = P^, which shows that Dbl is compactified to M'^^l along the fibres of frsi, so 
that it must be a Hirzebruch surface Sfe := Proj (Opi(fc) © Opi), where k = deg(£). The following picture 
shows the situation. 
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The degree of £ is calculated as follows: Let {x : y) be homogeneous coordinates on Dbl — P^, denote by 
Co = Spec C[y] resp. Coo = Spec C[a:] the standard charts of at zero and infinity, and write Co C x Co 
resp. Coo := C X Coo- Then Dbl = Co UcxC* Coo, and the restrictions of the universal family to the charts are 

On the intersection C* := CoHCoo, we have (7^o)|cxC* = ^CxC- [z~'^^'^{y^'^A + A) + y-^roz^/'^A\®0^^^,z^^'^A, 
which is equal to (''^oo)|cxC* '^^ ~ ~rQX^: write vi := z^^^^{y^^A + A) + y^^r^z^/"^ A and V2 := z^^'^A, then 

(^o)|cxC- = ^Cxc- - z^roy-^) + rly~^zv2\ ® Oc^c-^'^'^ 

(9.1) 

= ^^cxc. [^-'/'M + A)~ {r,x^)z^'^A] © 0^^^,z^'^A. 

We obtain the following result. 

Proposition 9.1. The classifying space M^j'^ associated to the above topological data and the spectral range 
ai = — ^, w = 2 is the Hirzebruch surface S2. 

We also describe the tt*-geometry on Mg^f^: On the chart Spec C[ro,y], the locus where H is non-pure is 
the real-analytic hypersurface given by (1 — |yP)(|7'oP ~ (1 ~ === 0, the complement has four connected 

components, on two of them Ti is polarized, on the other two components the metric is negative definite. This is 
visualized in the following picture, where the thickened lines represent the pure polarized limit TERP-structures 

g. 
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9.2 Weighted projective spaces 



We already encountered a weighted projective space as the compactification of a (non-maximal) stratum in a 
space Mg"^/ which was itself smooth. In the following two ex amp les the whole compactification Mg^^ will be 
isomorphic to some weighted projective spaces. After lemma 9.2, which will conclude the discussion of Mg^^ 
and the variation of twistor structures of the first example, we will come to Mbl and find Mbl 7^ -^bl • 



C, choose a basis 



2Triai 



Consider a three-dimensional real vector space H^, its complexification 

H°° = ©f^iC^i such that 'Ai = A3, A2 £ . Choose a real number ai G (-3/2,-1), put ^2 0, 03 := 
and let M G Aut{H^) be given by M{A) = A - diag(Ai, A2, A3) where A := (^1,^2, A3) and A^ e 
(then M is actually an element in Aut{H^)). Let {H' , H^, V) be the flat holomorphic bundle on C* x with 
real flat subbundle corresponding to {H°° , , M), and put Si z"' Ai G H' . Moreover, deflnc the pairing 
P : n'®3*n' ^ Oc*xC= by P(s*^l) := (5.+,,4),.,e{i,....3} 
Denote by r, t coordinates on C^, and define Ti. := ©f^iCc^^ij where 



til 

V3 



= Si 
= S2 
= S3 



-rz "S2 



-Z •'S3 



^53 



Let w := Q, then it can be checked by direct calculations that [H, , V, P, w) is a variation of regular singular 
TERP-structurcs on C^. Moreover, the Hodge filtration induced on H°° is constant in r and t and gives a sum 
of pure polarized Hodge structures of weights and —1 on and H^^, namely, we have that 

{0} = p2 g pi := €Ai C P" €Ai GA2 = C p-^ ^7°° 



The polarizing form S is given by P via |HS07, formulas (5.4) and (5.5)] 



7^ 
Si£'-,A) ( 10 
,-7 0, 

where 7 := ^^{on + 2)r(Q;3 — 1). In particular, we have for p = 1 

z-(--)5(A„ A3) = i-l)^SiA„A3) = + > 



and for p = 



'S{A2,A2) = S{A2,A2)>0 



so that P* indeed induces a pure polarized Hodge structure of weight —1 on = CAi ® CA2 and a pure 
polarized Hodge structure of weight on = CA2. This situation is shown in the following diagram. 
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It is clear that Dphs ~ Dphs ~ Dpmhs = Dpmhs = {*} for the given topological data and that the above 

family is indeed the universal family, in particular. Dbl = DpL = ■ 

Let us describe the variation of twistors associated to this example. We have 



TVi := S3 + rzs2 + "^-^^si + izsi 



TV2 S2 + rzsi 



TV3 := si. 



The family of twistors H is pure outside of the real-analytic hypersurface D := {(1 — p)^ = 9}, where p = ^rr 
and = tt. Namely, write Ui := Dbl\{D U {p = 1}) and U2 := Dbl\{D U {6* = 0}), then DblXD = C/i U C/2. 
We have 7i|pix;7i = ©Li^piCg^" Wi, where 



Wl 



si + rz ^S2 + ^z 



W2 



rzsi + (1 + ^rr) S2 + rz ^33 



W3 



-pprz ^S3 + \z^si + rzs2 + S3 = r(?iii) 



On the other hand. TLu 



LlOvlCff^w^, where 



Wl 



si + rz ^S2 + ^z '^S'i + tz ^S3 + ^ f^z^si + rzs2 + S3 



'W2 



rzsi + (1 + 5?'r) S2 + rz ^83 



^ (^si + rz ^S2 + ^z ^S3^ + tzsi + ^2^si + rzs2 + S3 = t(wi) 



This shows that Ti. is pure precisely outside D. The complement of D has three components. Ti. is polarized 
on two of them, those which contain {(r, 0) | \r\ < \/2} and {(r, 0) | \r\ > V2}, respectively. On the third 
component the metric on p»7i has signature (+, — , — ). This is visualized in the following picture. 




We are going to compute the compact space M^^^ as in subsection 9.1. First note that we have H^r^o 
®i=iOcxC*xCVi, where 



V2 

Vs. 



r ^(ui 



- \V2 + 2\V2) 

r^^{zvx - \v2 - ivz) 



^(si + rz-is2) + \z-'^S3 + 2\zsx 



^Vi — rzv2 + — tzvs 



r zsi + 
9 

Z Si 



\S2 
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Consider for any fixed parameter u G C the restriction :— /3||j_„r*'=o.r5^o}- Then we have C^'""^ = 

®i=iOcxC'm, where 

Wi := r~'^{si + rz~^S2) + ■^z'^sz + 2uzsi 
W2 ■■= r^^zsi + \s2 
:— z'^si 

It is clear that this basis defines an extension of to a locaUy free ©(^^(piyjoD-niodule, its fibre at r = cx) 
is given by Oc{z~'^S3 + Auzsi) © OcS2 © O^z'^si. These extensions are non-isomorphic for any two ui ^ U2, 
which shows the following result. 

Lemma 9.2. The space M'^'f for the initial data from above is the weighted projective space P(l, 1,4), where the 
embedding Dbl ^ IP(1, 1, 4) = Proj €[X, Y, Z] is given by X := r,Y := 1, Z := t (here deg(X) = 1, deg(y) = 
l,deg(Z) = 4). The only singular point o/P(l,l,4) is (0:0: 1). In particular, [M^j^Y'^'^ is smooth in this 
case. 

Proof. The only thing to show is that in this case Afjj"^ is indeed the closure of the above classifying space 
Dbl ~ C^. This follows from the fact that the only possible spectral numbers for the range [Q!i,a^] are 
{ai,a2,cx.'i), (q!3 — 2,a2,a.i + 2) and (ai + 1,02,03 — 1). The respective strata are [/(qj. 02,03) = Dbl = 
Spec C[r, i], ?7(q3-2, 03,01+2) = Spec C[u] and U(^ai+i,a2,a3-i) = (0 : : 1) £ P(l,l,4) which are all the possible 
strata in P(l, 1,4). □ 

We will determine precisely the part of Mbl underlying the affine chart of Alg'^j^ = P(l, 1,4) with coordinates 
(r, t) and make remarks about the other two standard charts. We follow the Ansatz in the proof of theorem 
6[ A priori here we need nine coordinates in the Ansatz, 

vi = si+r ■ z^^S2+r2- z^'^ss+t- z~^S3, 
V2 = S2 + e ■ z~^S2 + r3 ■ z~'^S3 + r^ ■ z~^S3, 
V3 = S3 + rr, ■ z~^S2 + re ■ z~'^S3 + rr ■ z~^S3. 

The pairing P gives the following seven equations, 

- P'^^-'\v,,V3)^re, 

= P^^-'\v2,V3)=-r5, 

= p(—i) (1,1,1,3) =-r7, 

= P^'"~^\vi,V2)=r3, 

= P("'-I)(wi,t;2) =r-r4, 

= P^'"-^H^2,V2)^-s', 



= P'^'^-^\vuvi) = 2r2 



r\ 



These show 



re = 1-5 = rr = r3 = 0, r4 = r, r2 = y , e = 0, 

_ r^ _ 

Vi = Si + r ■ Z ^S2 + — ■ Z '^33 + t ■ Z ^S3, 

V2 = S2 + e ■ z^^S2 + r ■ z^^S3, 
V3 = S3. 

The pole of order 2 gives nothing from V2 and V3, but one equation from vi: 

z'^VzV3 = a3 ■ ZV3, 

z'^\/zV2 = -e ■ ZS2 = -e ■ ZV2, 

z^^zVi = ai • zsi + (-l)r • S2 + (03 - 2)y z ^53 + (^3 - l)i • S3 

= ai ■ zvi + (-1 - ai)r ■ V2 + (0:3 - l)t • ^3 + (1 + ai)r ■ e ■ {z^^S2 + r ■ z^'^S3), 
thus r ■ e = 0. 
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We recover the variation of TERP-structures in (r, i), but additionally there is an obstructed deformation on 
the line {r = 0} with the parameter e with = and r ■ e ~ 0. Obviously it does not preserve the spectrum. 
On the affine chart with coordinates (r, t) = {-,t) one finds exactly the same behavior, on the line {r = 0} 
there is an obstructed deformation with a parameter e with — and r • e = 0. On the affine chart around 
(0 : : 1) e P(l, 1,4) ^ Mg'^^ one obtains with some more work six coordinates and nine quadratic equations. 
The Zariski tangent spaces at (0:0: 1) satisfy 

dimT(0:0:l)i\/i3L = 6 > 5 = dimT(0:0:l)M^f , 

so also at (0 : : 1) the canonical and the reduced complex structure differ. 

The next example also gives the weighted projective space P(l,l,4) as the final result, but in a completely 
different way, namely, the classifying space Dbl of the generic spectrum is a line bundle over of weight 4, 
and the compactification Mg^f is obtained by adding a single point. 

Let := O^^^RB,, S{B^\B) = diag(i, 1, i), Ai := [B^ + zS3),^2 := ^3,^3 [Bi - iB^), ai := -1 and 
w = Q. Define by 

{0} = C F^ := CAi C F° := CAi © C^a £ F^^ = H°° . 
Then , S, F*) is a pure Hodge structure of weight zero, however, the Hodge metric 

(where Hq '^^ = FqDFq ^) has signature (1, 2). Consider the classifying space Dpmhs of all filtrations F' on H°° 
satisfying S{FP, F^~'p) = and having the same Hodge numbers as F*. Such a filtration is uniquely determined 
by F^, for F^ is necessarily the S'-orthogonal complement of in It follows that F-^ must satisfy the 

isotropy condition S{F^,F^) = 0. This is the defining equation for a plane quadric Q C ¥{0^ + + 2b^) C 
Proj C[a,b,c] = Gr(l,3), where each point defines F^ :== Cli := C{aBi + 6B2 + cSg), F° :== (F^)-^'^. We 
conclude that Dpmhs — Q- The equation + + 2b^ = has no real solutions other than (0,0,0), so that 
for any F^ e Q, (F^)-^'^ nF^==^ {0}. This means that ({0} C C F° := {F^)^'^ C F'^ = 77°°) is pure with 
signature (1,2). Thus in this case = Dpmhs Dpmhs = Q = P^. 

Consider the classifying space Dbl associated to these given initial data. The fibration Dbl Dpmhs has 
one-dimensional affine fibres with a C*-action, hence it is again the total space V(£) of a line bundle £ on 
pi: For fixed F* = ({0} C F^ := Cli C F" ^ Cli © CI2 £ H°^) in Dpmhs, the fibre 7r^i(F') is given by 
'H ■= ©LiCc^w*, where 

vi ^ si +rz^'^S3 ; V2 = S2 ; V3 = S3 

and si := z~^Ai, si := A2 and S3 := zAi. If r tends to infinity, we have limr^oo = fflf=iC'c^i- The diagram 
for this situation is as follows: 







\ \ r 




3«3 





















-1 1 



Lemma 9.3. The space M'^^ for the topological data {H°°, S, M = id, ai = —1, w = 0) from above is the 
blow-down of the 00-section of the Hirzebruch surface E4 = Proj (C'pi(4) © Opi), i.e., it is isomorphic to the 
weighted projective space P(l, 1,4). 
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Proof. The degree of £ is seen to be four by a calculation similar (although more complicated) to equation (9.1), 
where the biregular parametrization 



{x : y) 



Q 

{x^ + : iV2xy : i{y'^ — x'^)) 



is used. On the other hand, it is directly evident that limr^^oo 'H = Cc^si©C'cS2ffiC'c^~^S3 = V^ = OcH°° . In 
particular, for any two F', F', G Dpmhs, and Ti.i{r) € T^s^iF'), limr_»oo = linir^cxj 'H2{r)- Geometrically, 

this means that the fibration ttbl '■ V(£) is compactified to S4 — >_P^, and Mg*^ is obtained by blowing 

down the 00-section of S4 P^. Moreover, it is known (sec, e.g., | Dol82 |) that the blow-up of the singular 
points of P(l, 1, n) is exactly E„. 

We remark that it is also possible to calculate directly the local structure of M^^j^ in a neighborhood of 



g := OcH°°, which yields O 



^ G{c 



□ 



9.3 Reducible spaces 

The following example shows that AIbl and might have several components. Fix any number n G ]N>o and 
consider the topological data: := RBi ® PS2, M Id e Aut(i7j^), and S{B!'',B) = (-l)"i diag(l, 1). 
Let Ai := Bi + ii?2, A2 := Ai = Bi — iB-z so that S{A.i, Aj) = (— l)"(5i-|_j^3 and consider the reference filtration 

{0} = F^'+i C F^' CAi = F^-^ = . . . = ^0-"+^ C F^" = H°°. 

Let w) = 0, ai = — n, then the classifying space is Dpmhs = Dpmhs = Dpus = DpHS, it consists of two points, 
namely F* and Fq, which are both pure polarized Hodge structures of weight zero with Hodge decomposition 



fjn,~n Q H-"'". Put si := z'"Ai, S2 := z"A2 then pISO^ , formulas (5.4), (5.5)] yields P(s„Sj) = ^,+^-3. The 



classifying space Del is a disjoint union of two afhne lines, namely, the universal family over the component 
above F' is given by 7i_„(r) := Oc2Vi © Oc2V2, where Vi := Si + rz~^S2,V2 '■= S2, and the universal family 
over the other component is TCnir) 0(02 (^""^2 + rz^~-^Ai) ® Oc2Z^^Ai. The following diagram visualizes 
this situation. 




It is directly evident, that the "limit TERP" -structure (when r approaches infinity), is given as G-n+i '■= 
Cc5i ffi Cc52, where gi := zsi and 172 := z~^S2- We see that Q-n+i is the origin in one of the two components 
of the stratum C/(_„_|-i^„_i) . The closure of this stratum is the classifying space associated to the same topological 
data and to ai = — n+1, so that we get C/(_„+i „_i) = C ]J C. Note however that the two (conjugate) filtrations 
induced by Q-n+i and Qn-i, respectively, are not pure polarized: the Hodge metric is negative definite. Taking 
the limit of the universal family for this classifying spaces yields TERP-structures Q-n+2 and Qn~2, respectively, 
and we can continue this procedure until we arrive at Q^i and Qi. The limits linir^oo = lim,-^oo ^i('') 

arc both equal to the lattice ^V'^ . This shows that the space M^^j^ is a chain of 2n copies of P^, where the 
Hodge filtration gives pure polarized resp. negative definite pure Hodge structures on every other component 
of this chain. 
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It is easy to calculate the associated twistors: For the original family 7Y_„(r). we have 

{■H-n)\\r\^l := gpiQ\||,|^i|( 5l+rZ-\s2 ) © gpiQ"||,|^i>( g2+J^gl ) 

(ill lil2 

and the metric is h{wi,W2) = diag(l — |rp), so that Ti.-n{r) is a variation of pure polarized TERP-structures 
on A*. If r tends to zero, it degenerates to a twistor generated by elementary sections which corresponds to 
the pure polarized Hodge structure {H°° , , S, F*). A similar statement holds for the family 7i„(r) which 
degenerates to a twistor corresponding to {H°° , , S,Fq). 

Note however that due to P{gi,g2) = — 1, the variation of twistors on the second left- or rightmost is pure 
polarized on P"'^\A, where the origin is the TERP-structure Q-n+i (resp. Qn-i)- This means that in the above 
picture, the points of intersection on the lower level are pure polarized, but not those on the upper level. In 
particular, is pure polarized precisely if n is even (the above picture already supposes that n is odd), which 
can also be seen directly from S[Ai,A2) = (— !)"■ 



Remark: There is a common generalization of this example and the second one from subsection 9.1 (where 
■^^BL — ^2)1 namely, if we consider the same topological data as in 9.1, but allow a larger spectral range: we 



put ai :— —k — i for some fc > and, as before, w = 2. Then Dbl is still V(£) with £ G Pic(P^), but 
-^BL ~ life (^2)*-'^'' is a union of copies of S2, which are glued along the zero resp. infinity section of two 
successive such copies. 

9.4 Monodromy with Jordan block 

The following example has a geometric realization within the 1-parametcr /i-constant families of hyperbolic 
singularities Tpqr- It is of rank two, and contrary to all the previous examples, the monodromy M is not 
semi-simple, but has a 2 x 2- Jordan block. We have Dbl = Dpmhs = C ^ DpHS = {pi}- 

Set w = 0, ai = -i, a2 = \, = RAi © RA2 and define M e Aut(i7|°) by M{Ai) = -Ax - A2, Af (A2) = 
—A2, so that N{Ai) = A2, N(A2) = 0. Moreover, define the anti-symmetric form S by 

S{A,A,)^0, S{A,,A2) = -1 

and let si = i ■ z~i~'^ Ai, S2 = A2 which implies that t(si) = —z ■ si and t(s2) = z"^ ■ §2. 



Using the relation between S and P from |HS07, formulas 5.4, 5.5] one calculates P(si, Si) = and /'(si, S2) = 
(—2) • S{Ai,A2) = 2. The universal family on Dbl = C is given as Ti. := Oc^^i © Oc^V2, where 

vi = si + r ■ z~^S2 and V2 — S2. 

Note that both vi and V2 are elementary sections, and r is a parameter on Dpmhs ^ not on the fibres of 
Dbl DpMHS (which are single points in this case). H extends to a variation over P-'^ where the fibre over 
r = 00 is given by H{oo) = Oc • ■ S2 © Oc • zsi. It has constant spectrum Sp = (— ^, ^), but the spectral 
pairs jump at r = 00. 

H. is pure outside {5R(r) = 0} U {00}. For 3?(r) ^ the space H^{P^ ,'H{r)) is generated by vi and t{vi). For 
5f(r) > the TERP-structure 7i(r) is pure and polarized, for ^{r) < it is pure with negative definite metric 
h. 

For r e C the data {H°° , , F' , S, -N) form a PMHS of weight -1. Here 

H°° = 1^0 2 W-i = W-2 C • ^2 2 W-3 = {0}, 
H°° = F-^ DF° = C-iiAi+r-A2)DF^ = {0}, 



i/O'U = G-[Ai]^Wo/W^i, H-^'-^ ^G- A2 = W-2^W-2/W. 



3, 



.•0-0 



Si[Ai], ~Ni[Ai])) = SiAi,-A2) = 1 > 0. 
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For 3fJ(r) > it is simultaneously also a PHS of weight —1, 

iO-i~'i)S{iAi + rA2, -iAi + rAa) 25R(r). 



But for r = cx) we have 

= F-iDF^ = C-A2DFi = {0}, 

so here Wq/W^i carries a Hodge structure of weight —2, and W-2/W-3 carries a Hodge structure of weight 0. 
Here N is not strict, N{F^) = {0} ^ A^(iJ°°) n i^^^^ C • -F^. So the filtration for r = 00 is not at all 

part of a PMHS. 
The classifying space 

bpMHS = {F' CH°° \ F^ = OcF" ^C- {iAi + rA2) C F'^ = H-^,r G C} ^ C 

is compactified by F^ to P^. 



9.5 Applications 

In the remainder of this section, we use the results of sections § to || and the construction of the space Af|^^ to 
prove some applications which are analogues of results for variations of Hodge structures. They are concerned 
with extending variations of regular singular, pure polarized TERP-structurcs over subvarieties. We first show 
that such a variation defined outside a subset of codimension at least two can be extended to the whole space. 



This uses the curvature computation of |HS08| as well as the construction of the compact classifying space. 



A second application concerns extensions of variations of TERP-structures over codimension one subvarieties, 



here we also use the extension results from the first part, namely theorem 3.7 



We associated in |HS08| , lemma 4.4] to any variation of regular singular TERP-structures with constant spectral 
pairs a period map to a classifying space Dbl- Here is the analogue if we do not suppose that the spectral 
pairs are constant. We use the notion of "regular singular mixed TERP-structures", introduced in definition 



2.7. Recall also that C denotes the universal locally free sheaf on the classifying space Mbl- 



Lemma 9.4. Let {H, H^,\7 , P,w) be a variation of regular singular TERP-structures on a complex manifold 



M. Let H^' , S, Mz,w be its topological data and ai € G such that Ti. C V"^ (see lemma 2.8). 



1. Then there is a unique period map (f> : M —* ,S,M^,w,ai ^ where n : M M (as before, we write Mbl 
for the target of (f)). 

2. We have that d(j){T^) C &Msr^ n Tiomoe^M^^ i^^ z-'^C/C), and we say that (p is horizontal. 

3. If Spp(-ff|cx{a:}j = Spp for all X ^ M for some fixed spectral pairs Spp, then Im((/)) C C^Spp (which is 
equal to some Dbl iff [Fl, H^, V, P, w) is mixed TERP). 

4-. The image of (j) is contained in M^j^ if (iJ, V, P, w) is pure polarized. If (iJ, iJg , V, P, w) has constant 
spectral pairs and is moreover mixed and pure polarized, then (j) is distance decreasing with respect to the 
distance dh on D^j^ C .A/]^'^ and the Kobayashi pseudo- distance on M . 

5. If (iJ, iJg, V, P, w) is pure polarized, and if we suppose moreover that the monodromy representation 
7 : 7ri(C* X M) K\\t[H^) respects a lattice C , then the period map 4> descends to a locally 
liftable map (j) : M ^ M^j^jG'i where K\A(FI^ , S , M ^ . For constant spectral pairs, its image is 

contained in (C/spp H M^j^) / G-e. 

Proof. Consider the variation 7r*(iJ, iJg, V, P, w), this is obviously an element of ,s,M,w,a^j^^^s^ Jv[bl{M), 



hence, it corresponds by theorem 7.3 to a unique morphism of complex spaces : M — > Mbl, with the prop- 
erty that = 7r*7i as families of TERP-structures. The fact that Ti underlies a variation of TERP-structures 
translates into the horizontality of ((>. All other statements are obvious consequences of the results of the last 



sections, the distance decreasing property follows from [ HS08 , theorem 4.1 and proposition 4.3]. □ 
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Theorem 9.5. Let X be a complex manifold and Y :~ X\Z , where Z is an analytic subspace of codimension 
at least two. Then any variation of pure polarized, regular singular mixed TERP-structures {H, H^, V, P, w) on 
Y with constant spectral pairs can be extended to X . 



Proof. Wc argue as in 1 3ch73| , beginning of §4] and |Kob05, chapters VI, VII]. The extension problem is of 



local nature, therefore, for any x S X, we choose a simply connected neighborhood y of a: in X. Then 
U ;= F n y is also simply connected, as Z has codimension at least two in X. Wc obtain a period map 
(j) : U Dbl ^ -^^BL- Notice that by an induction argument on the dimension of the singular locus of Z we 
may in fact assume that Z is smooth, and therefore it suffices to consider the case where V \s a. polycylinder 



V = A^, and [/ = A*^ x (A*)^"*^ for some k>2. [Kob05, chapter IV, corollary 4.5] yields that the Kobayashi 



pseudo-distance djj is a true distance in this case. By lemma 9.4, </> is distance-decreasing with respect to the 



distance dh on A/g^ and the distance d^/ on [/. As Dbl^ ^'^bl complete with respect to dh by theorem 



3.6, this implies that extends continuously to the clo sure Ud u of U with respect to du. The assumption that 
ZnV is oi codimension at least two in V implies (see [ Kob05 , VI, Proposition 5.1]) that the restriction {dv)\u 



agrees with du, so that Udu — ^ ■ This gives the extension (j) : V ^ Dbl H Af^^ we are looking for, which is 
necessarily holomorphic. □ 

Remark: Note that it follows from the construction of Mb l that the extension constructed in this way has in 
general jumping spectral numbers over the points lying in Z . 

In applications, the extension over subvarieties of codimension one is an even more important problem. For this, 
we can combine the limit results from section ^ and the properties of the space M^j^ to obtain the following 
statements for the period map defined by a variation of pure polarized regular singular TERP-structures. 
Let, as in section ^ I < I < n, X := A", Y := (A*)' x A"~', X\F = Ukzi A, and consider a variation of pure 
polarized regular singular TERP-structures {H, H^, V, P, w) on Y. Denote by Mi G Aut(ifj^) the monodromy 
corresponding to a loop around C* x C C* x X. As before, we say that the monodromy respects a lattice if 
there is a lattice C such that the image of 7 : 7ri(C* x Y) ^ Aut{H^) is contained in Ant{H^), in 
that case we put Gz '■= Aut{H^ , S, M^). First we have the following rather simple consequence of the relation 
between TERP-structures and twistor structures. 

Corollary 9.6. The eigenvalues of the automorphisms Mi are elements in . If the monodromy respects a 
lattice, then they are roots of unity. 



Proof. The first part has already been shown in the proof of lemma 5.3, The second part is the standard 
argument known from the case of variations of Hodge structures: If Mi e Aut{H^), then its eigenvalues are 
algebraic integers, so if they have absolute value one, they are necessarily roots of unity. □ 

The extension properties of the period map alluded to above can be stated as follows. 

Theorem 9.7. Let (iJ, iJg, V, P, w) be a variation of regular singular, pure polarized TERP-structures on Y. 

• // Ali = Id for all i Cz {I , ■ . . , k} , i. e. , if there is a period map (j) :Y —f M^j^, then this map extends to 

1^:X^MZ 
and the variation H extends to a variation on X. 

• Suppose that the monodromy respects a lattice, so that we have a locally liftable period map 4> : Y ^ 
M^j^/G-z. If all Mi are semi- simple, then (p extends holomorphically (not necessarily locally liftable) to 

^■.X^MZ/Gz. 

In particular, given a fi- constant family of isolated hypersurface singularities F : (C""*"^ x Y, 0) — > (C,0), the 
above statements apply if the variation TERP{F) on Y described in i HerO^ ] and lIISO''i / is pure polarized. In 



this case, the extension of the period map is contained in Dbl H M^^ resp. {Dbl ^'^bl)/G'z where Dbl is 
the classifying space associated to the variation of mixed TERP-structures TERP{F). 
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Proof. In both cases, for any x G D consider the maximal subset I <Z I such that x G Dj. Theorem 3.5 
yields the limit TERP-structure TL{x) := ''^(-^)|Cx{2;} ^ ^^i cx-fa ^i which is pure polarized by theorem 3^ as 
all nilpotcnt parts Ni G End{H^) are zero. By proposition p.S| , the smallest spectral number of 7i(x) is not 
smaller than ai, so that \H{x) /V^"'t^~^] G Af^^. In the first case, putting (t){x) 



defines a continuous and hence holomorphic extension (j) : X ^ ^bl- ^^'^ second case we can choose by 
the last corollary a sufficiently large positive integer m such that M™ = Id for all i. Then the lifted map 

extends as in the first part to a map : A" 



■■,ri,n+i,. 



which yields the extension (f) : X M^j^/Gi, we are looking for 



□ 



Examples: The following two examples, borrowed from the classifying spaces Mbl and their strata C/spp from 
the last subsections illustrate what kind of phenomena can occur when extending families of TERP-structures 
over boundary divisors. 

1. In subsection a variation of TERP-structures on with parameters (r, t) and constant spectrum 
(ckijO, — ai) was considered. For example, its restriction to {0} x A is pure and polarized. The further 
restriction to {0} x A* extends to (0,0) by theorem ^?7| , 1., and gives there a pure and polarized TERP- 
structure, which is of course the original one at (0,0). 

One can also restrict to the variation on C* x {0} with the parameter r = i. It is pure and polarized 
for \r\ ^ 1. By theorem 9.7, 1., it has a pure and polarized limit TERP-structure for r — > 0. That had 
also been calculated in subsection 9.2, its spectral numbers are (— ai — 2,0,q;i + 2), so here the spectral 
numbers jump. 



Now we show an easy example where the second part of theorem 9.7 can be applied. Consider the following 
topological data: Let H°° = €Ai © = Mz{Ai) = Ai and S{Ai,Aj) = Si+j^3. Put w = and 

a —1, then the classifying space Mbl for these data consists of two components of the space considered 
in subsection 9.3. i.e., AIbl = U PJ, with the following universal families 







+ rA2)®OcxCrZA2 over C P^i, 






■= C'CX(P1\{0})(^ 


"^z^^Ai + A2) e Ocx(pi\{o})^i over 


Pi\{0}, 




:= Ccxc,(^"^^2 


+ sAi)®OcxC,zAi over C P^, 






:= C'cx(pi\{o})(s 


-^z-'^A2 + Ai) ® Ocx{Pl\{o})^2 over 





where the TERP-structures corresponding to ?■ = 00 and s ~ 00 arc the same, i.e., the common point of the 
two components of Mbl- In subsection it is shown that A/^^ — {r G C | |r| < 1} U {s € C | |s| < 1}. 
Define --Z- ^^^^ © Z ■ i^^^. It is easy to see that Gz Aut{H^,M^,S) = Aut{H^,S) = D4, 
and that the group action of Gz on M^j^ identifies the two components {rG C| \r\ < 1} and {s G C | |s| < 
1}, and quotients once more by r 1-^ — r, so that the quotient space is still an open disc A. with coordinate 
r = (resp., r = s^). 

Now consider the following variation over Y C*: U := OcxY{z^^q^^^'^Ai+ q^''^A2) © Oc-xY{zq^^^A2). 
Here Mq{A) ~ A-diag(— i, i), so that (/to)(7) = Z/4Z is contained in Gz (remember that 7 : 7ri(C* x F) = 
1? Aut(_ff^) is the monodromy representation). The restriction of this family to \q\ < 1 is pure 
polarized. We have the period map (j) : Y ^ Mbl/G'z given hy q ^ r ~ . According to theorem |9.7| , 
2., we obtain a holomorphic extension : A M^j^/Gi ~ A, still given by r = r^, which is obviously 
not locally liftable. Notice finally that both the members of the family Ti. and the image of G A of 
the extended period map are TERP-structure with spectral numbers (—1, 1), so that Im{(j)) is actually 
contained in (?7(-i,i) n M^]^)/Gz- 

Remarks: Pursuing further the analogy with the theory of period maps for variations of Hodge structures, 
one might ask whether the asymptotic behavior of the ab ove defined map can be controlled by the so called 



nilpotent orbits of TERP-structures. as studied in |HS07|. More precisely, given a variation of regular singular 



pure polarized TERP-structures (i7, iJ^, V, P, w) (on A*, say), one might consider the family G := 'k*{K) 
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where K := (limr^o H) G Mbl and tt : C x A* ^ C, (z, r) i-^ zr. This is also a variation over A*, with 
G\.r=i = K ■ It se ems re asonable to expect that G is a nilpotcnt orbit of TERP-structures, i.e., it lies in Af^^ for 



r| ^ 1 (see also HS07, theorem 6.6]). Then we can consider the distance of the two families, and ask whether 



an estimate as in | Sch73 theorem 4.9] holds. This is particularly interesting if K has different spectrum than 

the general member oi H , as in this case these two families are in different strata of the space Mbl- 

One might also be interested to work out such an estimate of the asymptotical behavior of the distance between 



H and G in the higher dimensional case, as in Sch73 , theorem 4.12] 
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